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(i) 


ABSTRACT 

The  study  of  convergence  and  summability  of  simple  sequences  and 
series  has  aroused  the  interest  of  mathematicians  since  the  beginning  of 
the  eighteenth  century.  However,  it  was  not  until  the  dawn  of  the  twentieth 
century  that  mathematicians  began  their  investigation  of  double  and  multiple 
sequences  and  series  and  extend  the  results  of  simple  sequences  and 
series  to  sequences  and  series  with  multiplicity  greater  than  one. 

The  aim  of  this  thesis  is  to  make  an  extensive  survey  of  all  the 
literature  written  on  double  sequences  and  series  under  the  topics 
convergence,  summability  by  general  methods,  summability  by  special  methods, 
and  other  results  related  to  double  sequences  and  series. 

A  comparative  study  of  the  five  definitions  of  convergence  is 
made,  and,  wherever  possible,  examples  are  cited  to  illustrate  the 
usefulness  of  each  definition  and  their  mutual  relations.  Necessary  and 
sufficient  conditions  are  given  for  which  the  matrix  (triangular  or  square) 
transformation  may  transform  an  arbitrary  sequence  into  one  of  the  given 
types  of  sequences.  This  is  followed  by  a  brief  description  of  the  various 
special  methods  of  summation  for  double  series.  Finally,  a  bibliography 
of  the  articles  on  other  topics  in  double  sequences  and  series  is  listed. 

Except  for  some  special  cases,  proofs  of  the  theorems  are  omitted 
and  references  are  given  to  which  the  reader  may  refer. 
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CHAPTER  I 

CONVERGENCE  OF  DOUBLE  SEQUENCES  AND  SERIES 


0.  Introduction 

j,  x 

A  double  sequence  is  a  function  s  on  J  X  J  [or  on 
(J+  U  (o))  X  (J+  U  {o})]  y  whose  value  at  (  m,  n)  is  most  commonly 
denoted  by  s  ...  in  which  case  the  double  sequence  is  also  written 

as  (s  }°°  1  (or  (s  }°°  )  . 

1  mn^m,n=sl  '  1  mn Jm,n=0  ' 


If  s  is  a  double  sequence  to  a  topological  space  X  t  then 

s  is  convergent  to  or  if  cr  €  X  and  there  corresponds  to  each  open 

set  U  c  X  for  which  cr  e  U  .  a  k  €  J+  such  that  s  €  U  whenever 

mn 

+ 

m  ,  n  £  J  and  m  ,  n  >  k  , . «  in  which  case  we  write 

lim  s  =  a 
mn 

m,n  oo 
or 


s  — a  as  m.n  go  , 
mn 

Such  a  double  sequence  is  convergent  if  it  is  convergent  to  some  cr  and 
otherwise  it  is  divergent, 


A  double  series  is  an  indicated  sum 


mn 


m,  n=l 


00 


mjn=0 


of  a  double  sequence  to  a  set  X  which  is  closed  under  addition. 


Some  of  the  properties  with  which  we  shall  be  concerned  in  this 
thesis  are  valid  in  the  case  where  X  is  a  topological  group  under 


*r*  '  ' 


dj  !  t*«a3,ri  >idl i  nl  . ..  n  «  ® 


/ 
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addition  or  a  topological  vector  space.  However,  we  shall  restrain 
ourselves  and  consider  only  the  case  where  X  is  (the  metric  vector 


space)  Co 


(i) 


1.  Types  of  Convergence 


In  the  following  we  give  the  various  types  of  convergence  of 
double  sequences  and  series  that  are  in  existence. 

A,  ^-convergence^ 

Let  J  be  a  collection  of  finite  subsets  of 


J+  X  J+  for  which  there  is  a  sequence  (F^)”  i  c  su°h  that 


F  c  F  (n  €  J+)  and 
n  n+1  ' 


00 


T+  v.  T+ 


U,  F  =  J '  X  J  . 
n=l  n 


00 


The  double  series  ^  a^  is  ^-convergent  to  a  if  a  €  Co  and  there 

m,n=l 

corresponds  to  each  e  >  0  a  k  e  J+  such  that 


l 


a  -  a  <  € 
mn  1 


(m,n)eF 


whenever  F  e  3  and  Fd  F^  ;  it  is  Jf- convergent  if  it  is  ^-convergent 

to  some  a  G  Co  and  otherwise  it  is  ^-divergent.  The  most  frequently 
encountered  collections  3-  are  the  sets  of  all * (*) 


(l)  Extract  of  the  lecture  notes  given  by  Professor  A,  E.  Livingston 
at  the  University  of  Alberta,  Edmonton,  Canada,  19^5 • 

(*)  Result  of  Livingston  as  in  (l). 


' 


3  - 


The 


rectangles  R  =  J  X  J  (m,  n  e  J+)  , 

mn  in  n 

triangles  Tn  =  {(k,  l)  €  J+  x  J+  |k  +  l  <  n}  ,  (n  €  J+)  , 

hyperbolas  Hn  =  {(k,  i)  e  J+  X  J+  |  ki  <  nj  ,  (n  €  J+)  , 

corresponding  sets  being  (the  squares)  J^X  Jn  >  Tn  >  an<* 


respectively}  we  speak  then  of  Pringsheim,  Cauchy  and  Dirichlet  convergence 
and  divergence,  respectively. 


B.  Global -convergence  [27,  1940]. 


A  double  sequence  fs  1°°  ,  is  said  to  be  globally 

n  mnJm,n=l  &  J 

convergent  if  to  each  €  >  0  corresponds  an  integer  N  such  that 

Is  «■  s  “  S  +  S  I  ^  G 

mn  m+p,n  m,n+q  m+pjn+q1 
whenever  m,  n  >  N  and  p,  q  >  0 


C.  a  sum  convergence  (Amerio  convergence). 

We  describe  the  a-sum  convergence  via  the  following 

definitions. 

Definition  1.1.1  [2,  I9UI]  and  [33,  I9U5]. 

A  partial  sum  is  said  to  be  a  sigma-sum  (or  equivalently,  a-sum) 
if  it  has  the  following  property:  if  it  contains  a  then  it  also 
contains  the  rectangular  sum 

Vl=laij  «><i<P  .  0<j<q) 


in 


Ax  "'<w.»aps  »««)  I4rt»c  -%  ■  "  -oo  mH 

-  :•••''  '  / '  ■  i  -  ■  I?  ■  \ 


n,q-W 


-*?  i 


k 


Definition  1.1.2 


Given  indices  (p,  q)  ,  a  a-sum  is  said  to  be  a  a-sum 
relative  to  (p,  q)  [written  a-sum  (p,  q)]  if  it  contains  a 

pq 


Definition  1.1.3 


The  series 


converges  to  the  sum  a  if  to  every 


€  >  0  there  correspond  indices  (p,  q)  such  that 

|  cr  -  a|  <  e 

for  every  a  that  is  a  a-sum  (p,  q)  . 


Remark  1.1.1 

The  above  definition  of  convergence  was  proposed  independently 
by  Amerio  [2,  19^1]  and  Sheffer  [33,  19^5].  The  a-sum  convergence  is 
essentially  £  -convergence  with  the  additional  condition  that  the 
collection  of  all  finite  subsets  F  of  J+  X  J+  for  which 

(p,  q)  €  F*4{(i,  j)|i  <  p  ,  j  <  q)  C  F  . 

For  the  sake  of  completeness,  we  treat  it  as  an  independent  method  calling 
it  a-convergence  in  the  later  sections.  This  new  method  provides  a 
theory  more  nearly  analogous  to  that  of  simple  series  than  is  obtained 
by  Pringsheim-convergence.  (For  a  comparison  of  Pringsheim  -  Gr¬ 
and  Regular-convergence,  see  later  sections)  . 


wu  b  ad  oi  bias  «1  a  ,  (p  «q)  ooviO 


u*  [i 


i-l.i 


v  ■  ,.  1  '  0  '  : 


*  >  I*  -  »l 


r  ■  >  .  i>  *  »" 


*  3  {p  >  t  .  <«  >  i|(t  .*))<-  *  »  (p  «l) 
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D.  Regular-convergence  [36,  I9I+7] 


Definition  1.1.4 


00 


The  series  I  is  regularly  convergent  if  it  is 


Pringsheim-convergent  and  if  every  row  and  column  converges. 


E.  A-convergence 


(2) 


Definition  1,1.5 


00 


Z  aij  is  said  to  be  A-convergent  if  at  least 


The  series 

i,j=l 

one  of  the  simple  series  into  which  the  original  series  can  be  arranged, 
is  convergent. 


2.  Characterizations  of  Convergence 


A.  3  - 


convergence 


(* *) 


Theorem  1.2.1 


00 


If  a^  is  £  -convergent  to  a  ,  then 


m,n=l 


lim 

k  — ►  00 


I 


a  =  a  . 
mn 


(m,n)€F. 


(2)  This  definition  is  due  to  Hitotumatu,  bin,,  On  the  convergence  of 

a  multiple  power  series.  Kodai  Math.  Sem.  Rep.  (1952),  111-114. 


(*)  See  Livingston  (l). 


;  /  • 
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Theorem  1.2.2 


00 

If  ;  a 


l 


mn 


is  3  -convergent,  then 


m,  n=l 


11m 
n  — ►  oo 


(k,i)eF  -F  . 
7  n  n-1 


\l  =  0  • 


Theorem  1.2,5 


oo 


If  )  is  Pringsheim- convergent,  then  lim  a  =  0  , 

_  „  -i  m  m,n  -+oo  mn 

m,n=l 


Remark  1,2,1 

A  double  series  may  be  ^-convergent  without  having 

lim  a  ss  0  as  is  shown  in  the  following  example. 
m,n  — ►  oo  11111 

Example  1.2.1 


Let 

ai,i-l 

=  'ai-l,i  =  1 

for  i  si  2,  3,  4,  ...  and 

00 

aij 

otherwise  for 

i,  j  e 

J+  .  Then  the 

double  series  ^  a^ 

i,j=2 

is 

=  0 


^  -convergent  (i.e,  both  Cauchy- and  Dirichlet -convergent )  and 

11m  a 


i,j  -+•  oo 


ij 


is  not  equal  to  zero. 


J  ■■  <J 


r  I  tnog-  r  ov-n-t  r.la  vtr.  1 


v  ■  '  •  ■'  ;;  n  " 


»  nr  *•*«+*«  t***  1,1  ‘  1,1-4  Jt-1,1*  ** 

: ,  .  -jot rfolild  faxsft dJod  .9,1)  JnftgMWOfl*  v. 
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Theorem  1.2*4 


00 


Let  be  ^-convergent  to  a  • 


m,n=l 


00 


(i)  If  c  e  Co  ,  then  )  ca  is  ^-convergent  to 

/  .  inn 

m,n=l 


ca  . 


00 


(ii)  if  Y  is  -convergent  to  p  , 


then 


m,n=l 


00 


Z(a  +  b  )  is  -convergent  to  a  +  B  . 

mn  mn  H 


m,n=l 


Theorem  1,2.5 


00 


If  a  >0  for  m,  n  €  J+  ,  then  )  a  is  -convergent 
mn  mn 


m,n=l 


if  and  only  if 


u 


mn 


eF 


F  e  } 


is  bounded,  in  which  case 


00 

1 

m,n=:l 


a  =  lub 
mn 


{ 


mn 


(m,n)€F 


F  e 


Corollary 


00 


If  a  >0  for  m 
mn  — 


,  n  e  J+  ,  then  )  a _  is  /■ 

/  ,  mn 


convergent 


m,n=l 


then 


cdjJi  t  oD  3  o  il  (1 


■ 


dul 


8 


to  a  if  and  only  if 


eFk 

Theorem  1.2.6 

+ 

If  a  >  0  for  ra,  n  €  J  ,  then  the  double  series 
mn  — 

00 

amn  iS  ^  -convergent  to  a  if  and  only  if 

m,n=l 

00  00 

a  is  convergent  to  a  . 
mn 

m=l  n=l 


Definition  1,2.1 

00 


CO 


^  a^  is  ^-absolutely  convergent  if  ^ 
m,n=l  m,n=l 

is  ^-convergent. 


mn 


Theorem  1.2.7 


An  jr -absolutely  convergent  double  series  is  J1  -convergent. 
Remark  1.2.2 

Theorems  1.2.5  and  1.2.6  show  that  we  need  not  specify  ^  when 
oo 

a  is  -absolutely  convergent.  Furthermore,  in  any  argument 
mn 

m,n=l 

about  ^-absolute  convergence,  we  may  use  whichever  collection  3  is  most 
convenient  for  the  series  at  hand. 


(va 


11  ylrio  >n*  11  jd  oi  5n«j^vnOd-\  «1 


.  -o  ol  5^3'^v.v.  i 
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Agreement 


00 


We  will  say  that  ^  a^n  is  absolutely  convergent  whenever 

m,n=l 


it  is  3  -absolutely  convergent  for  some  3 


Theorem  1,2.8 


00 


If  )  a  is  absolutely  convergent,  then  lim  a  =  0 

/  •  mn  mn 

m  „  -i  m,n  ->  oo 

m, n= 1  ’ 


Example  1.2.2 


oo 

1 

m,n=l 


m+n 


r  ,  r  fixed,  is  absolutely  convergent  if 


r I <  1  ,  but  is  not  absolutely  convergent  if  |r|  >  1 


Example  1,2.5 


00 

E 

m,n=l 


mn 


r  ,  r  fixed,  is  absolutely  convergent  if 


r|  <  1  ,  but  is  not  absolutely  convergent  if  |r|  >  1  . 


B.  Global-convergence  [27,  19^0] 


Theorem  1.2,9 


A  bounded  sequence  of  which  each  row  and  each  column  is 


convergent,  is  Pringsheim-convergent  if  and  only  if  it  is 


globally  convergent. 


\  ■  ' 


OP 

.*  •  ? 


YBa  IIlw  *«W 


' 


O  ♦ 


■vj 


C- '  . 


'• 


* 


rim 


:  •  ' 


i 
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Theorem  1.2,10 


Each  bounded  globally  convergent  sequence  contains  a  conver¬ 
gent  double  subsequence. 

Remark  1,2,3 

The  particular  sequence  s^  =  (-l)m  +  ( -l)n  ,  which  is 
bounded  and  globally  convergent,  contains  convergent  double  subsequences 
converging  to  different  values. 

C.  ^-convergence  [2,  19^1]>  [33.  19^5] 


Theorem  1,2.11 

A  necessary  and  sufficient  condition  that  the  series 
00 

a  a-converges  is  that  to  every  e  >  0  there 
mn 

m,n=l 

correspond  indices  (p,  q)  such  that 

(1.2.1)  |cr'  -  <j"\  <  € 

for  every  pair  O'  *  ,  O'"  of  cr-sums  (p,  q)  . 


Proof 

First  suppose  that  the  series  converges,  to  sum  a  .  Then 
given  €  >  0  ,  indices  (p,  q)  exist  so  that  |a  -  a1 |  <  c/2  , 
| a  -  cr"  |  <  e/2  whenever  O'*  ,  <r"  are  a-sums  (p,  q)  . 

Hence  (1.2.1)  holds.  Now  suppose  (1.2.1)  holds;  to  show 
that  the  series  cr-converges.  If  is  fixed,  (1.2.1)  shows 


*4 

■  :  ••  '  '  ' 1  1 

% 

al  rfoJtrfw  ..  "(I-)  +“(!-)  -  „• 

89Dnaups*dua  siduob  inagisvnoo  tat*Oaoo  .Jnag-ibvaoo  "{Ilnfolg  ba»  b*bra>od 

■  ’  '  ' 

l  •».;?!  *  .[I  .2]  w  ,  it  ■ 

II  '*L&32B!-S'J 

■  .  ■  >  :  ■  '  '  ■  " 

9?arl3  0  <  3  \is>vs  o3  JBd*  «1 .8»jwnooO'  -b  if  i  I  4 

*  >  I"*  -  |  *  ‘ 

■ 

(p  tq)  Mtt-W  sxb  x»v<w:»rfw  S\  >  |  ' ■-  *1 

. 
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that  the  set  {a" }  of  all  a-sums  (p,  q)  is  bounded,  and 
therefore  has  at  least  one  limit  point  a  .  Accordingly, 
there  is  a  c-sum  (p,  q)  say  cr*  * '  ,  such  that 
| a  -  cr,,,|  <  e  ;  and  from  (1.2.1)  ,  |a  -  ff|  <  2e  for 
every  <T-sum  (p,  q)  .  From  the  arbitrariness  of  e  we 

00 

conclude  that  a^  converges  to  a  . 

m,n=l 

Theorem  1,2,12 

00 

If  a  ^  d-converges,  then  to  every  €  >  0  correspond 

m,n=l 

indices  (p,  q)  such  that 

a  I  <  € 
mn 1 

for  every  a  not  in  R 

mn  pq 


Corollary 


If 


00 

m,n=l 


i  a-converges,  then  lim  a  =  0 
mn  mn 

m,n  ->  oo 


Remark  1.2,4 


Theorem  1.2.12  is  similar  to  Theorem  1.2.3.  An  example 

i  s 

showing  a  double  series  which /Pringsheim -convergent  but  not  o-convergent 


will  be  given  in  a  later  section 


-  1  '  ■  •' 0  "  •  !l[ 

■ 

ji  :i  '  •  b  ,  >  x6  4  «<?)  '  lj 

ioi  as  >  h  - -d|  .  (i.s.D  Bo-ft  bn»  »  >  i '■”»  - 

' 


.j  . • 


bnoqeaiioo  0  <  »  \i8vs  63  «Ktt  ;86$*9vaoo*r> 


B 


a: 


' 


ft  SOtT  -  • 

m  -  **  *  •  *5" 

flrtl 


i  5  I  n  .  )  ’  o  *u  i  1  •  •• 

.1  >  i’3''  19  .i  *  i  r  ‘  • 
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Theorem  1.2.15 


Let 


00 


Z 


amn  ^-converge  to  the  sum  a  .  If  m  (if  n) 


m,n=l 

is  fixed,  the  resulting  row  series  (column  series)  converges; 

and  if  its  sum  is  denoted  by  a  (by  a  )  ,  then  also  the 

m.  '  J  ,n' 


00  00 

series  )  a  (series  )  a  ) 

Li  L  .n 


converges,  and  its 


m=l 


sum  is  a  . 


n=l 


Theor  em  1.2,14 


00 


If  the  double  series 


a  is  cr-convergent ,  then  there 
mn 


m,n=l 


exists  an  i  €  J+  such  that  its  partial  sums 

V =  ^  X 

m=l  n=l 

are  uniformly  bounded  for  all  p,  v  >  i 


Theorem  1,2.15 


00 


Given  series 


m,n=l 


a  ,  If  for  each  fixed  m  the  simple  series 
mn 


00 


.  =  y 

m.  Z_j 


mn 


n=l 


converges,  and  if 


00 


m=l 


a  converges,  then  the  original 
m. 


I  I 


.. 


■ 


oo  yc  ba^onsb  ai  awe  aJi  1  :  1  . 


a9iT9*>  a9l’“ 


aaJttsa  slduob  stil  II 


I=fj  jin 


.  I  I  1  .  >  !  i  • 


|S  N  J  -VM«  ‘N?# 


a  felq.v.ia  r5  i  fc  rf:  j  loi  5H 


■ 
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series 


00 


m,n=l 


converges  absolutely;  and  correspondingly 


for  columns. 


Remark  1.2.5 

Theorem  1.2.1+  and  Theorem  1.2.8  are  of  course  also  valid  for 
a-convergence . 

Definition  1.2.2 


If  the  first  p  rows  and  q  columns  are  deleted  from  the 
00 

series  )  a  ,  the  new  series,  which  has  a  as  its  leading  term, 
Lj  mn  pq 

m,n=l 

will  be  called  the  truncate  of  order  (p,  q)  relative  to  the  original 
series. 

Theorem  1.2.16 

If  the  series 

series. 


00 


a  cr-converges,  so  does  every  truncate 
mn 

m,n=l 


Remark  1.2.6 

Theorem  1.2.16  is  false  for  Pringsheim-convergence ,  as  the 

following  example  shows. 


aTlSiaafl 


5fTS§isvfioo-'t>  soi  b.tlfiv  oals  &?&  8.S.X  rasiOdrfT  bos  4 .  S  ♦  I  msttosriT 


I  :-.ol  ;0 


arfu  mort  Jbs Jslstb  strs  Hwavloo  p  bos  woi  q  iB'ii'i  srf3  II 

00 

fi  <  asiiae 

™*  Js 

I*n  tm 

Janisiio  drfi  o.1  avis sis?  (p  <q)  Ttatoo  io  sdsaru/iJ  arf3  baXiso  sd  IHw 

.  eaJtise 


,mio3  saibssi  all  as  s  asrf  rfoidw  , sait^s  wan  ?{f3-  < 

*  pq 


00 


aisooL'iJ  Y13V9  i:9ob  oa  <  ;,£>&  lavnoo-t)  e 

ntra 


I  «n ,  m 


a  alia  a  »dJ  ‘-I 


, as! a 


8.S.-1  *"  ’"■• . •"' 


.soaegiavnoo-m.tsnegnJtiq  sol  selfoit  aJt  dI*S.X  flraioariT 
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Example  1.2,4 

Let  the  first  p  rows  of  a  double  series  be 

1+2+3+4+5+... 

f"  Vi 

and  the  following  (p+l)  to  (2p)  rows  be 

(-l)  +  (’2)  +  (-3)  +  ("^)  +  ••• 

and  zero  otherwise.  Then  the  double  series  is  Pringsheim-convergent 
to  zero  but  the  truncate  with  the  first  p  rows  deleted  is  divergent. 

D.  Regular -convergence  [36,  1947] 

Definition  1,2.3 

A  function  a  is  of  bounded  variation  in  (m,  n)  if 
mn 

(i)  a  is,  for  every  fixed  value  of  m  or  n  ,  of 

bounded  variation  in  n  or  m  . 

(ii)  The  series 

00  00 

a  -a  .,-a,  +a.  .1 

mn  m,n+l  m+l,n  nH-l,n+l' 

m=l  n=l 
is  convergent. 

Theorem  1.2.17 

00  00 

If  a  is  of  bounded  variation,  and 
mn 

m=l  n=l 

regularly  convergent,  then  the  series 

00  00 

y  y,  , 

/  ,  /  ,  mn  mn 

m=  1  n= 1 


is  regularly  convergent 


ni  t®**  iswW»^l«i*l  f:  * 


- 
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Theorem 


Lemma  1 . 


Proof 


L.2.18 


If  a  is  of  bounded  variation  and  tends  regularly  to  zero, 
mn 


and 


u  is  bounded,  then  the  series 
mn 


m=l  n=l 


00  00 

Z  Z 

m=l  n=l 


a  u 
mn  mn 


is  regularly  convergent. 


2.1 


00  00 


If 


^  ^  Cmn  *s  a  ^lver8ent  serles  of  positive  terms, 


m= 1  n= 1 


we  can  find  e  so  that 

mn 


(i)  e  decreases  when  m  or  n  increases, 

( ii)  e  tends  regularly  to  zero,  and 

00  00 

(iii)  the  series  ^  €mn  c^  is  divergent, 

m=l  n=l 


(l)  Suppose  first  that  at  least  one  row  or  column  of  the 


,  ,  ,  th 

original  series,  say  the  v  row 


00 


Z 

m=l 


c  ,  is 
mv 


( 3) 

divergent.  By  a  lemma  due  to  Abel  '  ,  we  can  choose 


(3)  'Sur  les  Series'  , Oeuvres,  vol,  2,  pp.  197-205 


* 


,oi»s  on  xIiBlirgai  "  bn'  if  ^bruo'  V  1 

•» 


n»l  m6  ;  (  I  , .  ,  . 


.3  JVflTOO  xlT3-.t/,^T  1 


,,  :»1  wti  soq  lo  e.l».  !»»»»»«  »  *'  S  ** 

f  n  It  ii 


t  naBSi^n.t 


00 


»d3  lo  ,  Jos  TO  'JOT  ;nc;  3<- «  l  M  -  *>  «>»*  “OW8 
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a  steadily  decreasing  sequence  t\ 


so  that 


I'. 


m 


Cmv  *S  d*ver8ent» 


,  with  limit  zero, 

We  take 


e  =  t)  (n  <  v) 
mn  m 


€  =0  (n  >  v)  , 
mn  v  9  * 

then  it  is  clear  that  the  conditions  of  the  lemma  are 
satisfied, 

(2)  Suppose  that  every  row  and  column  is  convergent;  and  let 

00  00 

X  Cmn  *  X 


c  =7 
mn  m< 


m=l 


n=l 


00 


Then 


7  is  divergent.  We  choose  a  steadily 


m=  1 


00 


decreasing  sequence  q^  so  that  q^  7m  is 

m=l 


00  00 

c '  ,  where 

mn 

m=l  n=l 


c '  =  ri  c  , 

mn  'm  mn 

00 

is  divergent;  and  so  Z  7^  ,  where 

n=l 


00 


m=l 


divergent.  Then 


z  z 


is  divergent.  We  now  choose  a  steadily  decreasing 
sequence  f|  ,  with  limit  zero,  so  that 


Jin 


St  *  f  ■  am', a  M  |T  •on«u salM.io.fi 


a  <1 


i  ■■'' 


\tllb** Tr*  i-  ^  *  *9J£;  B  {*€<  rx'O  Wuff  ' 


lads  o«  ,«js  Jl«rtX  riliv  ,  J  »on.op»« 


-  IT  - 


7^  is  divergent.  It  is  clear  that  if  we  write 

c"  =  T1  £  c  =  €  C  , 

mn  m  ni  mn  ran  mn 

all  the  conditions  of  the  lerama  will  be  satisfied. 


I  * 

rt— 1 


Lemma  1,2.2 


00  00 


c  is  a  divergent  series  of  positive  terms,  we 
mn 

m=l  n=l 


can  choose  a  sequence  of  pairs  of  integers  (nu,  n^)  ,  tending 


to  infinity  with  i  ,  so  that  the  series 
00  00 

c'  is  divergent  where  c'  =0  if  m  =  rn  , 
mn  mn  i 

m=l  n=l 


n  <  nj  or  m  <  m,  ,  n  =  n.  and  c'  =  c  otherwise. 
—  i  —  i  i  mn  mn 


a  u  is  regularly  convergent  whenever 
mn  mn 

is  regularly  convergent,  then 

m=l  n=l 

bounded  variation. 

E,  A-convergence 

Due  to  the  restrictiveness  of  its  definition,  the 
A -convergence  is  seldom  applied  to  double  series  in  general. 


a  is  of 
mn 


Theorem  1,2.19 


00  00 


9V  ,misJ  svliiaoq  lo  tails*  Msgisvib  s  *i 


»9i*.s8  ari*  and*  oa  ,  Jt  daJtw  TliaJfclnt  oa 


1,4.  1_ 

■ 


ft,  -j.  «•  ant-a  svnoo  yliBi  ,  %i 
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3*  Comparison  and  Generalization  of  the  Methods  of  Convergence 


Remark  1 , 5 » 1 


Pringsheim-convergence  is  not  equivalent  to  Cauchy  or 
Dirichlet -convergence.  In  the  case  of  Cauchy  and  Dirichlet-convergence 


00 


we  may  conclude  that  the  series  a  ^  is  ^-convergent  to  a 

m,n=l 


if  and  only  if 


lim 

k  — *•  oo 


(m,n)€F. 


fl.  ^  ot  • 
mn 


But  lim 

k  — ►  oo 


Za  =  a  does  not  necessarily  imply  that 
mn 

(m,n)€F, 


oo 

I 

m,n=l 


a  is  Pringsheim-convergent. 
mn 


Example  1,5.1 

The  series 

00  / 

^  (-l)rofn/// [/n(m  +  1)  Jn(n  +  l)] 
m,n=l 


is  Pringsheim-convergent,  but  neither  Cauchy- nor  Dirichlet -convergent 


■ 


<M  -  -  ,\f 


51  ylno  bn*  51 


y  :  J  *  ° 


.  .  7  .„ 


i.a,a 


\ 

i  ).  ‘J-  \ 


.•Li;  Ls  -  -  l 

■  ::  ■  It 


Lm  .  I 
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Example  1.5*2 


If  a£  =  “ai_1  i  =  1  for  i  =  2,  3,  1*,  ...  and  a_  =  0 

*»#*  ?  '  00 

otherwise  for  i,  j  e  J+  ,  then  ^  a^  is  both  Cauchy- and  Dirichlet- 

m,n=l 

convergent  but  not  Pringsheim  convergent. 


Remark  1.3.2 


Each  double  sequence  which  is  Pringsheim- convergent  is  globally 
convergent,  but  the  converse  is  not  true. 

Remark  1,3.3 

If  a  double  series  converges  in  the  sense  of  Pringsheim,  the 
simple  series  forming  the  terms  of  a  given  row  or  column  need  not 
converge. 

Example  1.5«3 

The  double  series  with  the  following  terms 

0.  +  1.  +  2 .  +  ...  +  n.  +  ... 

“0.  +  —  1  •  ■  2.  "  ...  ■  n.  —  ... 

0+0  +  0+  ... 

is  Pringsheim-convergent  to  0  but  each  of  the  two  rows  is  divergent. 
Remark  1.3.4 

A  cr-convergent  series  is  also  Pringsheim-convergent  (and  to 
the  same  sum),  but  not  conversely. 


o  ,  .*  b«  ...  ,4  .{  .s  -  i  •»->  l  -  j(l-l 


•  *  I  1,1*  :'7 


norft  ,  +t  it  4  «ttlvi»riJo 


3on  8i  d8t»vnoD -srfi  ^  ,irt93  <  .  ^ 


x 


b  M  «  io  *o,  ,  >,l3  .  to  -»■«">“»*  *s  ’  •  W 

.  103 


.3  V.  .  /  !  i  ft'  • 
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Example  1.5.i+ 

The  series  in  Example  1.3*3  *s  Pringsheim-convergent  but  not 
cr-convergent. 

Remark  1.5.5 

The  Pringsheim- convergent  series  whose  first  two  rows  are 

+1  -1  +1  -1  +1  -1  +  ... 

-1  +1  -1  +1  -1  +1  -  ... 

and  whose  lower  rows  are  series  of  zero  is  not  a- convergent.  Thus 
a- convergence  is  weaker  than  Pringsheim-convergence.  On  the  other  hand, 
or -convergence  is  stronger  than  absolute  convergence. 

Remark  1.5.6 

00 

If  ^  a^  converges  absolutely  either  in  the  Pringsheim 
m,  n=l 

sense  or  in  the  sense  of  cr-convergence,  it  converges  absolutely  by  the 
other. 

Remark  1.5.7 

For  double  series  of  positive  terms,  ^-convergence, 

(and  therefore  o-convergence) . 

Remark  1.5.8 

An  absolutely  convergent  double  series  is  A-  ,  -  and 

c-convergent  but  the  converse  is  false  as  is  illustrated  below. 


I-  1+ 

1- 

T  .  3e  jvr  DD-'O  5oa 

.do  >>  v.iod  •£  ;»  a.,  •  •>••»'  ?i»vnoP 


I«itr 


T.f.J  iitari 
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Examp le  1,3.5 

The  series 

1  +  —  +  —  +  —  + 

2  14 

+  (-1)  +  (-y)  +(-rj)  +  (-■£■)  +  •  •  • 

+  0  +  0  +  0  +  0+  ... 

is  A-  and  -convergent  but  not  absolutely  convergent. 

Remark  1.3.9 

In  general,  A-  and  j?  -  or  a -c onve r g enc e  are 
not  the  same . 

Examp le  1.3.6 

The  series 

0  +  1+  —  +  “+  0°. 

+  ( — ~)  +  0  +  0  +  0  +  ... 

+  ( --)  +  0  +  0  +  0  +  ... 

4 

+  ( — — )  +  0  4-  0  +  0  +  .  .  . 
o 

+  ... 

is  A-convergent  but  not  a-conver gent . 

Examp  1 e  1.3.7 

The  series 

-1  4-14-24-34-44-  ... 


»  J  a  kill  • 


$  j  b  >  ■  9  u  19 vno -  c  jo  -  t  'Bi  A  f  I  *»  1 1  r  ■  s  £  n 


-  3  J  o  n 
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+1  +  (-1)  +  (-2)  +  (-3)  +  (-4)  +  ... 

+2  +  (—2)  +  0  +  0  +  0  +  „  .  . 

+3  +  (—3)  +  0  +  0  +  0  +  ... 

is  Pr ingsheim-conver gent  but  not  A-Convergent . 

j 

Remark  1.3.10 

The  terms  of  A-convergent  series  are  bounded; 
but  this  is  not  true  for  Pr ingsheim-conver gence  series. 
To  illustrate  the  importance  of  such  a  difference,  we 
consider  the  following  result. 


Lemma  1.3.1 


If  the  terms  of  a  double  power  series 


\ 

; 

L. 

m ,  n  =  0 

are  bounded  at  x 


m  n 

a  xy 

mn 


x 


y  ,  or  especially  if 


the  power  series  is  A-convergent  at  x  =  x  , 
y  =  y  ,  then  it  converges  uniformly  and  ab¬ 
solutely  in  every  compact  subset  contained 


X  J 

< 

j  X  1 

9 

o 

y  |  <  j  y  ' 


Note 

The  assumption  of  the  lemma  cannot  be  replaced 
by  the  Pr ingsheim-conver gence  at  x  =  x  ,  y  =  yQ,  for 
P r i ng s h e im— c on v e r g en c e  does  not  imply  the  boundedness 
of  the  terms  of  the  series. 


L 


■J  >  Hi.  +  J  '  J  bJ:  q  [1  -•  f  ft  It  I  i 


,  aanaa  ;»rf 1  io  ermaJ  srfa  „}o 
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Remark  1,3.11 

Regular- convergence  is  more  powerful  than  a-convergence ,i.e. 
every  series  which  is  c-convergent  is  also  regularly  convergent  (to  the 
same  sum)  but  not  conversely. 

Remark  1.5»12 

Regular -convergence  is  equivalent  to  the  following 
modification  of  <7- convergence.  The  (^-convergent  series 

with  a  satisfying  the 

00 

y  •  ■ 

Z_J  mn 
m=0 

By  combining  the  definitions  of  convergence  we  obtain  the 
following  results. 

(*) 

Theorem  1.5.1  v 

00 

If  the  series  )  a  is  Pringsheim- convergent  to  a  and 

Z_ i  11111 

m,n=l 

00 

a  is  convergent  to  a  for  each  m  e  J+  ,  then 
mn  m. 

n=l 


00 

1 

m,n=0 


a  is  Pringsheim- convergent  to  a 
mn 


equality 


CO  00 


00 


° =  I  I  v  ■  I 


m=0  n=0 


n=0 


(*)  See  Livingston  (l). 


03  ':C'4*v;  >a>  ei  '*  gisvflor-iBlifgsH 
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00 


m=l 


is  convergent  to 


a 


00  00 


m=l  n=X 


00 


m,n=l 


Remark  1.5. 15 

Note  that  Pringsheim -convergence  cannot  be  replaced  by  Cauchy- 
or  Dirichlet-convergence. 

Example  l.^.Q 


If  ai  1-1  “  i  =  1  for  *  =  2»  3>  4,  ...  and  a^  =  0 


00 


otherwise  for  i,  j  €  J+  ,  then  a^  is  Cauchy- (and  Dirichlet-)) 


00 


m,n=l 


convergent  to  0  .  But 


amn  conver8ent  to  ”1  for  m  -  1  and 


n=l 


to  0  for  m  >  1  ,  so  that 


00  00 

l  l 

m=l  n=l 


a  =  -1  .  Thus  the  above  theorem 

ran 


is  false  for  Cauchy- (or  Dirichlet-)  convergence. 


Example  1,5.9 


If  a  =s  [sin  n  -  sin(n  -  1)3  / t(m  -  l)m]  »  with 
mn 


(»  *  1) 


m 


=  -1  for  m  =  1  .  Then 


N 

I 

n^l 


a 


sin  N 


mn  ~  m(m  ~ 


and 


M  N 

I  I' 

msl  n=l 


mn 


sin  N 

M 


y<J  I  a«J  JO «:;ao  * aaagia Vr, »o- mien s  nllS  JarfJ  sJott 

.aansai  vrittxv-ifalrfaliia  so 


. 


3u8  .  0  o*  Jnagtravnoo 
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00 


so  that  a^  is  Pringsheim-convergent  to  zero.  But  ^ 

m,n=l  nli 

is  divergent  for  each  m  €  J+  .  Thus,  the  hypothesis  that 


mn 


oo 


^  amn  is  convergent  for  each  m  e  J+  cannot  be  relaxed  in  Theorem  1.3.1. 


n=l 


Notation 


We  write 


00 

Z 

m=k,n=i 


mn 


for  the  double  series 


00 

I 

m,n=l 


a 


k“l+m,i-l+n 


Theorem  1.3.2  ^ 

Suppose  that  each  F  €  has  the  property:  If  (m,  n)  e  F  , 


then 

(m,  k) 

,  (i 

00 

M,  N 

€  J+  , 

I 

n=l 

00 

r—i 

and 

V  a 

Z_1  ^ 

is 

m=l 

00 

E 

a 

mn 

is 

ra=M, 

n=N 

n 


m 


convergent  for  each  m  €  Jw  .  , 

M- 1 


N-l 


oo 


a^  is  JF  -convergent  if  and  only  if  ^ 


mn 


m,n=l 


(*)  See  Livingston  (l). 
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is  -convergent,  in  which  case 

M-l  oo 


00  00 

X  a»-  I 


a  4- 
mn 


m ,  n=  1 


m=M,n=N 


I  I 

m=l  n=l 


N-l  oo 


a  + 
mn 


z 

7  a 

Z_i 

n=l 

m=l 

M-l 

V-1 

N-l 

v-1 

I 

V  a 

Lt  nm 

IU=1 

n=l 

Corollary 


00 


If  k,  &  €  J+  and  a  >0  for  m,  n  €  J+  ,  then  ) 

mn  - 


a 


mn 


oo 


m,n=l 


is  convergent  if  and  only  if  ^ 

ms=k,n=i 


a  is  convergent  (in 
mn 


which  case  there  is  the  equality  of  theorem  1.3.2). 

Remark  1. 5.1*1- 

The  hypothesis  of  Theorem  1.3.2  essentially  calls  for 
3  -convergence,  a-convergence  and  regular-convergence. 

For  double  series  in  general,  Neder  [26,  19^2]  proved  the 

following: 

Theorem  1.3.3 

A  necessary  and  sufficient  condition  that  the  double  series 
^  a^  ,  together  with  all  of  its  rows  and  columns,  be 
(regularly)  convergent  is  that  the  partial  sums 
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m  n 


™  -  I  I  aij 

i=l  j=l 


have  a  development  of  the  form 


Smn  S  ^ra  +  *mn  9 


where  cp  — ►  0  as  m  — »•  oo  ,  ^  — ►  0  as  n  ->■  oo  and 
m  n 


*m,n 


-►0  as  m  +  n  — ►  ao  . 


Later  in  19^7,  Ogieveckii  [29,  19^7]  proved  the  following* 


Theorem  l.^.U 


If  a^x)  is  a  double  sequence  of  functions  such  that 


00 


X  ^  ij  aij(X)  I  <  * 

i>  j-1 


lim  A  ^  ain(x)  =  0  » 


n  -*■  oo 


and 


lim  A  a  ,(x)  =  0  , 

m  -►  oo  J  J 


lim  a  =  0  , 

mn 


m,  n  — ►  oo 


where 


Aij  aiJ  =  aij  ‘  ai,j+l  '  ai+l,J  +  ai+l,j+l  ’ 


Ai  aij  =  aij  -  ai+l,j  ’ 


Aj  aij  "  aij  -  ai,j+l  ’ 


one' i  1  o  Jn$2J  oX  *v  i  ft 


bnfe 


.  **«♦--  n  +  fl!  *6  0  «♦“ 


n,m* 


d>arf3  rfaua  anoi^on/ii  la  oondirpst  diebtob  a  al  (x)^jo  51 


♦—  d 


v  r 


.  0  a  *2  t  1 

an 


»4-  n,ur 


1  '  1  '  -J  "  r'  ’ 
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then  the  double  series  ^a^(x)  u^(x)  converges  whenever 
£ulj(x,  has  bounded  partial  sums. 


Remark  1.5.15 


For  cases  in  which  the  differences  are  non-negative,  the 
hypotheses  are  simplified  and  strengthened  (by  requiring  uniformity  of 
limits)  to  give  uniform  Pringsheim- convergence  of  ^  a^(x)  u^(x) 

^  u^(x)  has  uniformly  bounded  partial  sums. 


whenever 


k.  Tests  for  Convergence  of  Double  Series 


(*) 


The  following  are  some  of  the  tests  for  convergence  of  simple 
series  which  are  also  applicable  to  double  series. 


Theorem  l,U«l(a) 


(Comparison  test  for  convergence).  If  |amnl  <  bmn  for 


00 


m,  n  €  J+  and  ^ 


b  is  convergent,  then 
mn 


00 


V  a  is 
Z_j  mn 
m,n=l 


m,  n=l 

absolutely  convergent. 


(*)  See  Livingston  (l) 
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Theorem  l.U.l(b) 


(Comparison  test  for  divergence).  If  0  <  <  la^J 


00 


for 


m,  n  €  J+  and  b ^  is  divergent,  then 


m,n=l 


00 


Za  is  not  absolutely  convergent, 
mn 

m,n=l 


Theorem  1.U.2 


Let  a  =  a*  +  -f-l  a"  ,  where  a*  and  a"  are  real, 
mn  mn  mn  mn  mn 


00  00 
Then  ^  a^  converges  if  and  only  if  ^  a^ 
m,n=l  m,n=l 


and 


00 


Za"  converge;  and  in  this  case 
mn 


m,n=l 


00 


00 


00 


y  a  =  y  a'  V  a"  . 

Zj  mn  L>  mn  L>  mn 


mn 

m,n=l  m,n=l 


m,n=l 


Theorem  1.4.5 


(Ratio  test).  Suppose  that  a^  >  0  for  m,  n  e  J*  . 


(i)  If  lim  sup 


m,n  — ►  oo 


a 


m+l.n 


a 


mn 


<1 


and 


lim  sup 


m,n  -►  oo 


m.n-fl 


mn 


< 1  ,  then 


00 

l 

m,n=l 


mn 


is  absolutely  convergent 


.  .  ,  r  ,  co  V  i  • 


ft 
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(ii)  If  lim  inf 


m,n  — ►  oo 


m+l,nX  Emn 


>1  or 


Theorem  1.4.4 


lim  inf 
m,n  — ►  oo 


a  X  a 

m,n+ly/  mn 


>  1  ,  then 


09 


^  is  not  absolutely  convergent. 


m,n=l 


(Root  test).  Let  r  =  lim  sup 


mn 


m,n  -4-00 


00 


mn 


(i)  If  r  <  1  ,  then  ^  amn  aksolutely  convergent. 


m,n=l 


00 


(ii)  If  r  >  1  ,  then  ^  a^  is  not  absolutely  convergent. 


m,n=l 


Theorem  1.4.5 


(integral  test)  [4,  1961].  Suppose  f(x,  y)  has  the  following 


properties: 

(i)  it  is  locally  integrable  and  positive  in  0  <  x  <  00  , 

0  <  y  <  00  ; 

(ii)  If  x  <  x'  and  y  <  y*  ,  then 

f(x',  y’)  <  £(x,  y)  . 

00  OO 

£  f(m,  n) 
m=0  n=0 


Then  the  double  series 


converges,  if  and 


L-d^B 


% 


Mil  .  bnfi  *x  >  *  IX  UX) 
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only  if  the  three  integrals 


9 


and 


converge. 


Example  l.U.l 


The  series 


00 


l/(m  +  n 
m,n=l  ' 


)P  ,  p  fixed. 


if  p  >  2  and  divergent  if  p  <  2  . 


Example  1,4.2 


The  series 


00 


m 


^  l/(mP  +  nC 
,n=l  / 


)  ,  p  and 


convergent  if  p,  q  >  2  and  divergent  if  p  <  2  or  q  < 


Theorem  1.4.6 


00 


«  l 

m,  n=l 


a^n  is  absolutely  convergent  to  a  , 


00 

Z 

m,n=l 


a 


mn 


00 

J f(0,  y)  dy 

0 


is  convergent 

q  fixed,  is 

2  . 

then  each 


rearrangement  of 


is  absolutely  convergent  to  a 


r 


rC.  •  •' 

0 


SJLL 
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Convergence  of  certain  Types  of  Double  Series 


A,  Double  power  series 

Let  ^  cgt  xSyfc  (x,  y,  cgt  >  0)  be  a  double 

power  series*  It  is  our  aim  to  determine  the  region  R  of  correlated 
variables  (x,  y)  such  that  the  series  is  convergent  if  (x,  y)  e  R  and 

r\j 

divergent  when  (x,  y)  €  R 


(5) 

Lembaire  '  in  1892  gave  a  formula  that  for  a 
fixed  value  of  k  =  y/x  ,  the  series  is  convergent  for  x  <  r^  , 


divergent  for  x  >  r^  if 


“  =  lim  v/(cgt  kC)  ,  (n  =  s  +  t). 


Daniell  [10,  1940]  formulated  a  general  test  of 
the  same  type  but  expressed  it  differently* 


Theorem  1,5,1 


(Ratio  test).  Let 


f(p)  =  lim 
m  — v  00 
€  — »•  0 


sup 

s+t>m 

s/(s+t  )-p|<€ 


-1 


(s  +  t)  log  c 


St 


where  0  <  p  <  1  . 


Then  the  series 


y^c^^  xs  yC  is  convergent 


(5)  Lembaire,  Bull,  des  Sci,  Math,  20(1096),  286j  Bromwich, 
Infinite  series  (1908),  504. 
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at  (x>  y)  if  for  all  p  (0  <  p  <  l)  , 

p  log  x  +  (1  -  p)  log  y  +  f(p)  <  0  ; 

the  series  is  divergent  at  (x,  y)  if  for  some  p 
(0  <  p  <  1) 

p  log  x  +  (l  -  p)  log  y  +  f(p)  >  0  . 

Remark  1,5.1 


The  above  test  is  applicable  to  any  series  of  finite 


multiplicity. 


Theorem  1.5.2 


Let  the  double  power  series 


st  r 

c  x  y  a- converge  for 

S  L 


x  =  x^  ,  y  =  yQ  .  Then  it  converges  absolutely  for  every 

(x,  y)  for  which  |x|  <  |xq|  ,  |y|  <  | yQ |  ,  and  converges 

uniformly  in  every  closed  region  therein,  thus  representing 
an  analytic  function  of  the  variables  x,  y  in 


xl  <  lx0l  *  m  <  |yQ 


Corollary 

In  Theorem  1,3.2  the  hypothesis  that  there  is  cr- convergence 
for  x  =  x  ,  y  s  yQ  can  be  replaced  by  the  weaker  condition 

that  the  set  of  numbers  {c  x®  y“)  is  bounded. 

b  L  v  U 
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Remark  1.5.2 


Theorem  1,5.2  was  proved  first  by  Sheffer 
[33,  1945]  and  later  on  by  Hitotumatu  [14,  1952]  inde¬ 
pendently.  In  addition,  Hitotumatu  showed  the  following 
special  case . 

Example  1.5.1 


The  power  series  with 


mn 


4 

m 

= 

n 

o 

ii 

1 

m 

= 

o, 

n  =  1 

o  r 

m 

= 

1, 

n  = 

o, 

2 

m 

= 

o. 

n  _>  2 

or 

m 

> 

2, 

n  = 

0 

-2 

m 

= 

n 

=  1 

-1 

m 

= 

1, 

n  >  2 

or 

m 

> 

2, 

n  = 

1, 

0 

m, 

n 

> 

2; 

l .  e  . 


I 


m ,  n  =  0 


mn  m  n  ,  0  \ 

a  x  y  =  (2  -  y ) 


xm+  ...  +  (2  -  x) 

m=  0  n  =  0 


X>" 


is  Pr ingsheim-conver gent  (but  not  A-convergent )  at  x  =  2, 
y  =  2  yet  its  absolute  convergence  region  is  not  |x|  <2, 

| y |  <2,  but  is  | x |  <1,  jyj  <1  . 

By  considering  x  =  y,  £  cgt  xS  y C  is  reduce 

to  a  multiple  power  series  in  one  variable  Z  Cst  U 


A  theorem  analogous  to  Theorem  1.5.2  is  obtained  for  the 


new  series  . 


' 


1  '• 
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Theorem  1.5.3 


If  the  multiple  power  series 


s+t 

u 


in  the  variable 


u  a-converges  for  u  =  uq  ,  (or  if  the  set  of  numbers 

(cgt  }  is  bounded),  then  the  series  converges  absolutely 

f-or  all  u  in  |u|  <  |u  |  ,  and  a-converges  uniformly  in 

every  closed  region  therein,  thus  representing  an  analytic 
function  of  u  in  |u|  <  |u  | 


Definition  1.5.1 


series 


The  partial  sum  Cn(u)  is  said  to  be  a  circular  sum  for  the 

l  *„  -•*'  « 

n 


C„(u)  =  Y  \ 


v=0 


where  b 


=  Iast  •  (s+t=V>  . 


Remark  1,5*5 

Theorems  1.5,2  and  I.5.5  are  false  in  the  sense  of  Pringsheim- 
convergence . 


Example  1.5*2 

Consider  the  double  power  series 

o:  +  (i!)y  +  (2!)y2  +  (3!)y5  +  •••  +  Ul)yn  +  •  •• 

-(o:)x  -  (i:)xy  -  (2!)xy2  -  (3!)*y3  -  ...  -(n:)xyn  -  ... 
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with  all  other  terms  zero.  By  the  rectangular  sum  definition,  this 
series  converges  for  x  =  y  =  1  ,  for  x  =  1  ,  y  arbitrary  and  for  x 
arbitrary  v  =  0  $  but  no  other  values. 

Remark  1.5.U 

t 

Theorem  1.5.2  holds  for  Pringsheim- convergence  if  the  series 

Zs  t 

ast  x  y  converges  absolutely  for  x  <  xq  ,  y  <  yQ  . 

Let 

£  =  lim  sup  |agt|1/S+t  ,  (s  +  t  -►oo)  . 

Parallel  to  Theorem  U5.1,  we  have  the  following: 


Theorem  1.5.4 


The  radius  of  convergence  r  of  the  series  ;  a8t  u 


E 


s+t 


is  given  by  r  s  l/£  . 


Theorem  1.5.5 


The  series 


E 


s  t 

ast  X  ^  converges  absolutely  for  all 


x,  y  for  which  |x|  <  !/£  ,  |y|  <  l/£  and  diverges  for 


all  x,  y  for  which  |x|  >  l/£  ,  |y|  >  l/£ 
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Remark  1.5.5 


The  radius  of  convergence  of 


I 


a  ^  u 
st 


s+t 


by  the  circular 


sum  definition  is  at  least  as  great  as  r  . 


Example  1.5«5 


If 


I 


s+t 

a  u  is  the  series  whose  first  two  rows  are 
st 


i  2  ,  n 

1  +  U  +  U  +  •  •  •  +  U 


i  2  n 

1  -  u  -  u  -  • • .  -  u  -  ... 


while  all  other  terms  are  0  ,  then  the  circular  sum  definition  gives 
the  radius  of  convergence  as  1  ,  which  is  also  the  value  of  r  . 


Example  1.5.U 


If 


a  u 
st 


s+t 


is  the  series  having 


as  its  first  row  and 


i  2  n 

1  +  U+  U  +  ...+U  +  , . . 


1  2  n 

1  -  u  -  u  "  ...  -  u 


as  its  first  column,  while  all  other  terms  are  0  ,  then  by  the  circular 
sum  definition,  the  series  converges  to  the  sum  1  for  all  n  whereas 
r  =  1  . 


Theorem  1,5.6  [9»  19^6] 


Let 


I 


a  be  a  double  series  with  partial  sums  s 
st  mn 


convergent  to  s  .  Let  s^^m  -►  0  for  each  n  ,  3mri/n  —  0 
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Theorem 


for  each  m  and  s  /mn  -» 0  as  m,  n  -»oo  .  Let  A  >  0  . 

me/  * 

Then  the  double  power  series  in 

00 

£(X>  y)  =  Y  *  y* 

s,  t=0 

converges  absolutely  when  |x|  <  1  ,  |y|  <  1  ,  and  defines  a 
function  f(x,  y)  such  that 

f(x,  y)  s  as  x  -►  1  ,  y  1 

subject  to  the  restrictions  0<x<l  ,  0<y<l  and 

A  1  <  (1  -  x)/(l  -  y)  <  A  . 

As  another  characterization  for  the  convergence  of  a  double 
power  series,  we  have  the  following  theorem  due  to  Leja 

[19,  1951]. 


If  a  diagonal  series 


I  Pn(x> 


n=0 


where 


Pn(x,  y)  = 


n 

m  n-m 
a  x  y 

m,n-m  J 

m=0 


, 


is  absolutely  convergent  on  the  half-circle  x  =  r  cos  t  , 
y  =  r  sin  t  ,  0  <  t  <  n  ,  r>0,  then  it  is  also  absolutely 
convergent  for  |x+iy|<r,  |x-iy|<r,  and  the 


corresponding  double  power 


absolutely  convergent  for 


series 


a 

p,q 


M  +  |y|  <  r  • 


is 


.rf ©<  'uob  ftff?  nt} TJ' 
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>-  •  tX  1 
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A  recent  result  on  double  power  series  was  again  due  to  Leja 

[20,  1965], 

Definition  1,5.2 


Let 


00 


s,  t=0 


t 

y 


be  a  double  power  series  and 


s 

mn 


(*.  y) 


m  n 

l  l 


s=0  t=0 


t 

y 


its  partial  sum.  The  series  is  said  to  be  almost  bounded  at  the  point 
(x,  y)  if  there  exists  a  number  M  >  0  and  a  p  e  J+  such  that 

|smn(x,  y)|  <  M  ,  for  m  >  p  and  n  >  p  . 


Theorem  1,5.8 


If  the  double  power  series 


X 


s  t 


x  y 


is  convergent 


s,  t=0 

(or  almost  bounded)  at  the  point  (xq,  y  )  and  at  the  points 
of  two  sequences  P|c(€lc*Tl)  >  Qk(£>\)  *  k  =  1»  2»  3»  ••• 
lying  in  the  region 


R  =  (M  <  lx0l  »  |y|  <  |y0l)  . 


then  the  series  is  absolutely  convergent  in  the  region 

(M  <  l?l  »  |y|  <  hi)  • 


at#J 


■ 


**  »"  S  1  •  (<  ‘*m* 


■ 


-  -■  •  :.  ,v-  *.■  -  j t  -i  r  v f;  y-i.oJ.)  ii  (‘x  <.x) 


3<T  3t.-»vn03  8 i 


' 


'  .  .  ■  /  ■  ri  , 

•  (Ini  >  M  .  I?l  >  1*1) 


ko 


B.  Cauchy  product  of  double  series 

Definition  1,5.^ 


Let 


B  = 


b 


ij 


be  two  double  series.  The  Cauchy  product  series  derived  from  these 
two  series  is  defined  to  be  the  series 


where 


c 

mn 


st 


> 


the  sum  of  which  being  over  all  indices  i,  j,  s,  t  for  which, 
simultaneously, 

i+s  =  m  j  j  +  t  =  n 


Definition  1.5..  4- 

The  series  )  c..  is  said  to  possess  the  Cauchy  product 

Z_j  iJ 

property  if  it  converges  and  to  the  sum  C  =  AB  , 

For  simply- infinite  series,  Mertens  proved  that  if  both  given 
series  converge  and  one  of  them  converges  absolutely,  then  the  Cauchy 
product  property  holds.  But  Mertens*  assertion  does  not  go  over 
unrestrictedly  to  multiple  series  that  are  Pringsheim- convergent  as 
can  be  seen  from  the  following: 


. 


U’  J  "  ■'  U8  <  * A  '**  V  £1 


si  j  sd  oJ  boil  ieb  aJfc  rvise  ovi 


.  >»l  tJ.£ 


, 


,  ■  1  '  -*v  r-yJii  ,; 


■ 

vro  .-  j: 
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Example  1,5.5 


Let 


^  i  .  > 

ij 


be  the  following  double  series: 


a  is  the  absolutely  convergent  series  whose  first  column  has  the 


elements 


,11  1 

>  2  *  22  * 


2'0 


»  ♦  •  • 


while  all  other  terms  are  zero; 


b  is  the  Pr ingsheim-convergent 


series  whose  first  two  rows  are 


0 !  +  l!  +  •••  +  n!  +  > • < 

-(0!)  -  (1!)  -  ...  -  (nj)  -  ... 

all  other  terms  being  zero.  We  see  that  in  the  series  ^  c_  , 


Coj  =  >  Cij 


=  -jI/21  ,  (i  >  0)  , 


and  that 

(1.5.1) 


R 


=  (o!  +  l!  +  ...  +  q! )  i 


pq  2p 


til 

where  RC  designates  the  (p,  q)  rectangular  partial  sum  in  the 

pq 

C-series , 


(1.5.2) 


R 


pq 


c±j  ,  (0  <  i  <  p  ,  o  <  j  <  q)  . 


Equation  (1.5.1)  shows  that  R^  does  not  have  a  limit  as 


p,  q  ->oo  ;  so 


does  not  converge. 


tssi'JX  sjduo]  Jill’  oXJoi  9;!i  d  ,  e  .  JoJ 


■ 


ewoi  owl  391X1  »80rfw  P9X19 8 


t-  rr‘5«  »•  3  ;  , cv.-s  ■.  '*?  i  >r  to  Jti  s 


t 


larfl  bas 


'  ,  ,r.  , 


(s.M) 


?s  Until  a  avaii  Jon  asofc  ''fl  lerfl  aworfa  nroilaupa 


. 


Amerio  [3,  19^33  proved  the  following  theorem  on  Cauchy 


productsof  double  series. 


Theorem  1.5.9 


00 


If 


a  converges  by  row  to  A  i.e. 


i,  j=0 
00 

a 


00  00 


I  aij  ■  I  X  aij  =  A  : 


and  if 


Z 


b^  converges  to 


i,j=0 


i=0  j=0 


B  and  converges  absolutely,  then  the  Cauchy  product  series 


00 
^ - \ 


i,j=0 


c  converges  by  row  to  A  B  ,  i.e. 


00 


00  00 


Z‘U-ZZ 

i.j-o  i-0  j=0 


c  =  C  =  AB 


Three  years  later,  Sheffer  [34,  19^6]  proved  a  more  general 

result , 


Theorem  1,5.10 


Let  A  =  )  a^  be  absolutely  convergent,  B  =  y  b^ 


is  Pr ingsheim- convergent ,  If  the  set  of  rectangular  partial 


kB 


Z 


sums  R~  of  )  b^  is  bounded,  then  ^  c^_  converges 


Z 


to  the  sum  C  =  AB 


0  A  ■'  ;c wbotrq  . 


P.g.I  fll& 


0*t  0«Jk 


~  • 


. 

,  Jr  jsvfloa  misrfagnxiSf  el 

•:??  rc  i  p  ri  '  a  .O'  it.  : »?. 


He  was  also  able  to  assert  the  following: 


Theorem  1,5.11 


Let  B  »  ^  b^  be  convergent.  If  the  set  {R^}  *s 
unbounded,  then  there  exists  an  absolutely  convergent  series 
y .  a^  for  which  the  Cauchy  product  property  fails  to 
hold;  in  fact,  for  which  series  ^  ci j  does  not  converge. 


Combining  Theorems  1,5.10  and  1.5.11,  we  have; 


Theorem  1,5.12 


Let  B  =  )  be  Pringsheim- convergent.  In  order  that 


c^  converge  to  the  sum 


the  Cauchy  product  series 
C  =  AB  for  every  absolutely  convergent  series  A  =  a,^  , 

g 

it  is  necessary  and  sufficient  that  the  set  fR  )  be 

pq 


bounded. 


Remark  1.5.6 

Since  the  property  of  being  (T-convergent  carries  with  it  the 
boundedness  of  the  set  of  all  (T-sums,  hence  following  the  method  of 
Theorem  1.5,10,  Mertens*  theorem  for  simply- infinite  series  can  be 
carried  over  to  doubly- infinite  series. 
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Theorem  1.5.15 


If 


I*,  ■  Z  are  a-convergent ,  one  of  them  being 


absolutely  convergent,  then  the  Cauchy  product  property  holds; 


series 


c  is  a-convergent  to  the  sum  C  =  AB  , 


00 


I' 

m,n=l 


C. 


Dirichlet  product  of  double  series  [ 22 ,  1928 ] 

00 

Z 


Given  the  double  series 


a  and 
mn 


m,n=l 


mn 


,  Form  the  Dirichlet  double  series 


00 


-A  S-Ll  t 

m  nn  , 

a  e  and 

mn 


m,n=l 


00 

Z 

m,  n=l 


b  e 
mn 


fl  1? 

-A  s-ji  t 
m  n 


Let  A  be  the  ascending  sequence  formed  by  all  the  values  of 

A'  +  A"  ,  and  u.  the  ascending  sequence  formed  by  all  the  values  of 
P  q  J 


Ppi  +  M-qi  * 


A'  +  A"  =  A’  +  A” 
Pi  qx  p2  q2 


so  that  the  two  values  of  A  are  the  same,  the  order  of  these  two 


values  is  indifferent.  The  same  thing  is  true  for  two  equal  values  of 


P  . 


'  -  .  jj  oc 
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Definition  1.5.5 


The  series 


00 

E 

i,  j  =  l 


c  ,  where 


;i  r  1  1 


a  b.  - 
mn  ki  , 


is  called  the  Dirichlet  product  of  the  double  series 


00 

E 

m,n=l 


a 


mn 


00 


X  bmn  of  type  »  v'  ;  v'  »  n")  • 

m,  n=l 


Remark  1,5,7 


Since  the  Cauchy  product  series  as  defined  above  is  a  special 
case  of  the  Dirichlet  product  series,  it  follows  that  the  following 
theorems  are  also  true  for  the  Cauchy  product  of  double  series. 


Theorem  1,5.14 


00 


If 


Za  is  absolutely  convergent  to  sum  A  ,  and 
mn 


m,n=l 


00 


Zb  is  Pringsheim-convergent  to  sum  B  and  bounded, 
m 


m ,  n=  1 


then 


00 


^  c^ j  ,  the  Dirichlet  product  of  the  type 


i,j=l 


(V  ,  n*  ;  V  ,  p")  ,  is  Pringsheim-convergent  to  sum  C  and 


bounded,  and  C  =  AB  , 


t 


r* 


It  Tf*i 


. 


*  (n4  *  *  «  'm  «  ’*)  *o  ,  ( 


le-Tl  ,ifl 


X 


. 

*  t 

>r  fcwol.  oi  ar/3  B/fJ  era  k  :jr  ,1  .  Jaubovj  iiSihlilG  »AH  lo  »«bd 
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Theorem  1.5.15 


00 


00 


If 


mn 


m,n=l 


■  x 


b  and 
mn 


m,n=l 


00 

X 

m,n=l 


c  are  Pringsheim- 
mn 


00 


convergent  and  bounded,  where  >  c  is 

Z_i  mn 
m,n=l 

product,  then  AB  =  C  , 


the  Dirichlet 


Theorem  1,5.16 


00 


00 


If 


a  and 
mn 


m,n=l 


^  b^  are  absolutely  convergent  with 


m,n=l 


sums  A  and  B  respectively,  then  the  Dirichlet  product 
series  of  type  (A'  ,  jj. *  j  A"  ,  ji")  is  absolutely  convergent 

with  sum  AB  , 


Harmonic  double  series 


00 


Let  the  series  y  p'r  q"s  (p  +  q)  t  be  termed 


p,q=l 


a  harmonic  double  series  and  write 


00 


(r,  s,  t)  =  y  p"r  (p  +  q) 


-t 


p,q=l 


then  we  have  the  following  theorem  due  to  Tornheim  [j55>  1950]. 
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Theorem  1,5.17 


00 


The  harmonic  double  series  ^  p  r  q  s  (p  +  q)  1  is 

p»q=i 


finite  if  and  only  if 


r  +  t  >  1  ,  s  +  t  >  1  and  r  +  s  +  t  >  2  , 


E,  Alternating  double  series 


Let 


oo 

i 

i.J-1 


a  be  a  double  series.  We  call  the 


partial  sums  a  ^  a^  the  diagonal  of  the  series, 

i+J=k 


Definition  1,5.6 


00 


A  series  is  said  to  be  diagonally  summable  if  ^  converges 

n=2 


Definition  1,5.7 

A  double  series  is  said  to  be  alternating  if  each  row  and 
each  column  is  an  alternating  single  series. 


Definition  1.5.8 

The  alternating  series 


00 


i,j=l 


is  said  to  be  monctonic  if 


a.  .  <  a  ,  for  i  >  m  ,  j  >  n  . 

i j 1  —  1  mn 1  —  — 


The  following  theorem  was  established  by  Meyer  [23,  19533 


for  the  cr-convergence  of  an  alternating  series. 
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Theorem  1.5*18 


A  necessary  and  sufficient  condition  for  the  or- convergence 

of  a  harmonic  alternating  double  series 
00 

y1  a^j  is  that  it  is  diagonally  summable, 

i>  j=l 

The  following  example  provides  an  interesting  comparison  of 
the  definitions  of  ar-convergence  and  regular-convergence. 

Example  1,5,6  [23,  1953 3 


Consider  the  series 


00 


I 


(i  +  j  -  D‘n 


♦ 


Since 


00  00 


//(x  +  y-ir 

1  1 


dx  dy 


converges  for  n  >  2  ,  the  above  series  is  absolutely  Pringsheim- convergent 
for  n  >  2  (see  [8,  1926]).  Pringsheim  has  shown  [32,  1916]  that  a 
monotonic  alternating  double  series  is  Pringsheim-convergent  if 


Kj  +  ai+l,jl  -  lSi,j+l  +  ai+l,j+ll 

for  all  i  and  j  .  The  series  satisfies  this  condition  for  n  >  0  , 
since  x”n  -  (x  +  l)”n  is  a  decreasing  function  of  x  for  x  >  1  , 
n  >  0  Hence  the  above  double  series  is  regularly  convergent  if 
n  >  0  ,  and  it  diverges  for  n  <  0  . 
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obtain 


-  b9  - 

Setting  n  =  1  and  then  summing  the  series  by  diagonals,  we 

Therefore  this  regularly  convergent  series  is  not  cr-convergent ,  The 
above  theorem  shows  that  the  series  is  <r-convergent  if  and  only  if 
n  >  1  . 
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CHAPTER  II 

SUMMABILITY  OF  DOUBLE  SEQUENCES  AND  SERIES  (i) 

(GENERAL  METHODS) 


1,  Types  of  Convergence 


A  double  series 


00 


may  be  classified  according  to 


i,j=0 


the  behaviour  of  the  double  sequences  of  its  partial  sums 

m,n 

s  =  t  a., 
mn  ij 

i,j=0 


as  follows: 


A.  Principal  types 

Definition  2,1.1 

The  sequence  {s^}  is  sai^  t0 

(i)  ultimately  bounded  (abbreviated  (ub)  )  if  there  exists 

a  number  Q  such  that  s  is  bounded  for  all 

mn 

m  ,  n  >  Q  ; 

(ii)  bounded  (b)  if  in  the  preceding  case  Q  can  be  taken 


to  be  zero. 
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Definition  2.1.2 

The  sequence  fs  )  is  said  to  be 

L  mnJ 

(i)  convergent  (c)  if  lim  s  =  s  (read  "Principal 

m,  n  —►oo 

limit")  exists  and  is  finite; 

(ii)  boundedly  convergent  ((b)fl(c))  if  (c)  and  if 

s _  is  bounded  for  all  m  .  n  ; 

mn  _ 

(iii)  ultimately  regularly  convergent  (u  r  c)  if  (c)  , 

and  if  there  exists  a  number  Q  such  that  lim  s  =  s 

mn  .n 

m  -*-oo 

and  lim  s  =  s  both  exist  for  all  n  >  Q  and  for 

mn  m. 

n  — ►  oo 

all  m  >  Q  ,  respectively; 

(iv)  regularly  convergent  (rc)  if  in  the  preceding  case 
Q  can  be  taken  to  be  zero; 

(v)  boundedly  ultimately  regularly  convergent  ((b)  fl  (u  r  c ) ) 
if  both  (b)  and  (u  r  c)  . 

Definition  2.1.5 

The  sequence  [smn)  *s  said  to  be  perfectly  convergent  (pc) 

if  it  is  (rc)  and  s  =  s 

'  7  m.  .n 


for  m  ,  n  =  0,  1,  2,  . . . 


,d  c.  .u [  a]  eon-?,  .<a  's  Tf 

not 

o  ;  :> .*: ...  v  -■  ■■ 

oo4-  n «m 

4  ;  .  {  d;  .-; 

i  a  I  i  :  rt  bdb&iiod  al  a 

' 

■ 

t  b  i  l  <  r.  i  '  tA  -J  <-»  \i  >d  a  -  -  Ui  br.  z 

n  i 

M4~  a 

**  X 

JiiSqt  al  ,  P  <  £L  .  i 

•';•>!  >2  9<  03  tO  P 

•  l  •'  1  '  ' 

(  3;'  aofroup  ■  f'dT 

. ..  ,S  . ■>  i?  ,  «  i  ■••  .  Ji)  ai'  . 


52 


Remark  2,1,1 


Throughout  this  chapter  finiteness  is  assumed  whenever  the 


limit  exists  and  convergence  is  understood  to  be  in  the  sense  of 
Pringsheim. 

Remark  2,1.2 

Every  regularly  convergent  sequence  is  bounded. 

Definition  2,1,4 

Denote  by  the  set  of  all  pairs  (m,  n)  of  indices  such 

that  k  1  <  (m  +  l)  (n  +  l)  ^  <  k  j  the  sequence  (s^)  is  called 

restrictedly  convergent  to  s  if,  given  any  e  >  0  and  k  ,  there  is 
a  K  such  that  m,  n  >  K  together  with  (m,  n)  €  E^  implies 

Is  -  s |  <  e  ; 

1  mn  1 

s  is  then  called  the  limit,  in  the  restricted  sense,  of  the  sequence 
fs  }  and  is  denoted  by  [  lim  ]  s  =  s 


ran 


Auxiliary  types 


B 


Definition  2. 1.5  [25,  19^8] 

The  sequence  {s  )  is  said  to  be  absolutely  convergent  (ac)  , 


00 


if  there  exists  a  number  P  such  that 


i.x.s  > 
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Definition  2.1.6 

The  sequence  fs  }  is  said  to  be 

(i)  a  convergent  null  sequence  (cq)  if  it  is  (c)  and 
s  =  0; 

(ii)  a  convergent  row  null  sequence  ((c)  0  (rQ))  if  it 
is  convergent  and  smn  =  0  for  all  n  >  N  ,  m  =  0, 

1,  2,  ...  . 

Corresponding  to  the  types  of  convergent  sequences  given  in 
definition  2.1.2  there  are  several  special  types.  We  list  only  their 
names,  and  their  definitions,  being  analogous  to  those  in  definition 
2.1.2,  are  omitted. 

Absolutely  convergent  null  sequences 

(i)  absolutely  convergent  null  sequences  (acc)  « 

(ii)  absolutely  ultimately  regularly  convergent  null  sequences 
(a  u  r  cq)  . 

(iii)  absolutely  regularly  convergent  null  sequences 

(arc) 

'  o' 

Null  sequences 

(i)  convergent  null  sequences  (cq)  # 

(ii)  boundedly  convergent  null  sequences  ((b)  (1  (cc))  . 
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(iii)  ultimately  regularly  convergent  null  sequences 


(u  r  c  ) 
v  o'  * 

(iv)  regularly  convergent  null  sequences  (r  cq) 

(v)  boundedly  ultimately  regularly  convergent  null  sequences 
((b)  fl  (u  r  cq))  . 

Row  null  sequences 

(i)  ultimately  regularly  convergent  row  null  sequences 
((ur  c)  n  (rQ))  . 

(ii)  regularly  convergent  ultimately  row  null  sequences 
((r  c)  0  (u  rQ))  . 

(iii)  boundedly  ultimately  regularly  convergent  row  null 
sequences  ((b)  fl  (u  r  c)  0  (rQ) ) 

(iv)  regularly  convergent  row  null  sequences  ((r  c)  fl  (rQ))  • 
2.  Types  of  Transformations 


For  a  given  double  sequence  of  partial  sums 


i,j=0 


of  the  double  series 


there  are  two  most  general  methods  of 


linear  transformations,  one  by  a  triangular  matrix  and  the  other  by  a 


square  matrix. 
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Define  a  new  sequence  by  the  relation 


m,  n 

°mn  ”  amnij  Sij 

i,j=l 

We  shall  call  this  transformation  and  its  matrix  A  *  (a  .  of  the 

'  mni j ' 


type  T  j  here  i  <  m  »  j  <  n  . 


We  may  write 


cr  =y 

1011  / ,  a  s .  . 

i,j=l  mnij  « 


provided  cr^  has  a  meaning 
A  *  (ainnij)  of  the  type  S 

integral  values. 


,  and  call  this  transform  and  its  matrix 
S  here  i  and  j  take  on  all  positive 


Any  transformation  of  type  T  may  be  considered  as  a  special 
case  of  type  S  j  for  by  adding  the  elements 

a  ..=0  m<i,n<j,  all  m  and  n 

mnij 

a  ..=0  l<i<m,n<j  ,all  m  and  n 

mnij 

a  ..=0  m<i,l<j<n  ,all  m  and  n 

mnij  —  — 

to  any  matrix  of  type  T  we  obtain  a  matrix  of  type  S  such  that  the 

resulting  transformation  is  identical  with  the  original  one.  If  for 

either  transformation  a  possesses  a  limit,  then  the  limit  is  called 

mn 

the  generalized  value  of  the  sequence  s  by  the  transformation 


[30,  1926] 
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Remark  2,2.1 

In  the  subsequent  sections  we  use  "method  A"  and  "type  S" 
interchangeably. 

Definition  2.2.1 


The  sequence  {s^j)  is  sa^d  to  be  A-summable  (or  to  be 

summable  by  the  method  A)  to  O'  if  the  sequence  of  transformations 
(cr  )  converges  to  a  . 

Notation 


The  number  or  will  be  denoted  by  A  -  lim  s.  .  or  simply  o'  . 

i,j  -oo  ^ 


Definition  2.2.2 


The  sequence  (s^)  *s  saici  to  be  regularly  A-summable  to 
O'  if  the  sequence  [o'  }  converges  regularly  to  a  and  we  write 


lim  O'  =  a 


m  —  oo 


mn  .n 


lim  ff  =  <J 

mn  m. 

n  —  oo 


Definition  2.2.5 

A  regular  transformation  of  a  regularly  convergent  sequence 

into  a  regularly  convergent  sequence  is  said  to  be  completely  regular 

(or  completely  permanent)  if  it  is  also  regular  by  row  and  by  column,  i.e. 

O'  =  lim  O'  =  s  ;  O'  s  lim  a  =  s  , 
m.  mn  m.  .n  mn  .n 

n  — ►  oo  m  —  oo 


m,  n  s  0,  1,  2,  • . . 
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Definition  2.2,k 

The  method  A  is  said  to  be  completely  conservative  for  a 
certain  space,  not  containing  a  divergent  sequence,  if  all  the  double 
sequences  belonging  to  that  space  are  transformed  into  sequences  of  the 
same  space. 


Definition  2,2,5 


The  sequence  f 8 i j ^  *8  sa^  to  perfectly  A-summable  if 
it  is  regularly  A-summable  and  <7^  ”  ^  n  ^or  m*  n  =  0,  1,  2,  ,,.  , 
i,e,  if  the  sequence  of  transforms  converges  perfectly. 


Definit ion  2,2. 6 


The  method  A  is  said  to  fulfill  the  condition  (rQ)  if  it 
transforms  every  sequence  (s^j)  regularly  convergent  to  zero  into  a 
sequence  regularly  convergent  in  such  a  manner  that 


a  =  s  :  a  =  s  for  m,  n  =  0,  1,  2,  ...  . 
m  §  m  •  •  n  •  n 


In  this  case,  of  course,  <7  =  0  . 


Definition  2,2,7 


cr  if 


The  sequence  { s  ± ^ )  is  said  to  be  restrictedly 

r  lim  1  (7  =  c r  exists,  a  is  also  denoted  by 

1  mn 

m,  n  ->  oo 


A-summable  to 
A  -  [  lim  ]  s 

m,  n  —►oo 


mn 
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Definition  2.2.8 


Two  methods  A  and  B  are  said  to  be  consistent  if 
-*•  s  (A)  and  s^  -vs'(b)  imply  s  =  s'  ,  i.e.  if  they  cannot  sum 

the  series  into  different  sums. 


3. 


Questions  on  Summability  of  Double  Sequences 


The  problems  concerning  the  summability  of  double  sequences 
can  be  summarized  by  the  following  questions: 

(i)  If  (s£j)  is  of  a  specified  one  of  the  types  defined 

in  §  l.A,  under  what  conditions  on  A  :  (a  . ,) 

*  mnij' 

will  (cr  )  be  of  a  specified  one  of  these  types? 

(ii)  If  {s^}  is  a  specified  one  of  the  types  defined 

by  definition  2.1.2  ,  under  what  conditions  will 

fa  }  be  of  a  specified  one  of  these  types,  with 
mn 

a  =  s  ? 

(iii)  If  is  a  specified  one  of  the  types  in 

definition  2.1.2  (involving  regular  convergence,  either 

complete  or  deferred),  under  what  conditions  will  {a  ) 

be  of  a  specified  one  of  these  types,  with  a  =  s 

#  n 

for  all  n  sufficiently  large? 

(iv)  If  is  regularly  convergent,  under  what  conditions 

will  (crinn)  be  regularly  convergent  with  a  ^  =  s  n 


for  all  n  ? 
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(v)  If  regularly  convergent,  under  what  conditions 

will  {(T^)  be  completely  permanent  i.e.  the  trans¬ 
formation  preserves  not  only  the  principal  limit  but 
also  the  row  and  column  limits? 

Remark  2.5*1 

Since  under  the  infinite  matrix  transformation  cr  may  not 

mn 

even  exist  for  certain  values  of  m  and  n  ,  it  becomes  necessary  to 
speak  of  the  class  of  sequences,  all  of  whose  elements  exist.  Such 
sequences  are  called  existent  (abbreviated  (e))  . 

Notation 


The  process  of  transforming  will  be  indicated  by  T  . 
"Necessary”  will  be  abbreviated  by  N  ,  "sufficient"  by  S  ,  and 
"regularity",  as  applied  to  transformations  by  (reg).  Thus 
"S  T(c)  c  (r  c)  0  (reg)"  reads  "a  set  of  conditions  sufficient  that 
every  convergent  sequence  will  be  transformed  into  a  regularly  con¬ 
vergent  sequence  with  preservation  of  the  principal  limit". 

4.  Earlier  Results 

Attempts  to  answer  the  questions  of  §3  were  made  first  by 
Kojima  in  1922  [19,  1922].  He  establishes  the  conditions  necessary  and 
sufficient  for  the  transformations  of  type  T  to  give  the  following 


results: 
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(i)  T(cq)  c  (cq) 

(ii)  T(co)  c  (c) 

(iii)  T(c)  c  (c) 

(iv)  T(c)  c  (c)  n  (reg) 

(v)  T((b)  D  (c))  c  (c)  W 

(vi)  T(r  c)  c  (c) 

(vii)  T(r  c)  c  (r  c  )  . 

In  1926  Robison  [30,  1926]  asserts,  independently,  conditions 
necessary  and  sufficient  for  the  transformations  of  type  T  to  give 

(i)  T((b)  fl  (c ) )  c  (c)  n  (reg) 

(ii)  T((b)  n  (c))  C  (b)  n  (c) 

(iii)  T((b)  p  (c))  c  (c)  ,  with  O’  a  function  of  s  only, 

(iv)  T(b)  c  (b)  p  (c)  f 

and  for  the  transformations  of  type  S  to  give 

(i)  T((b)  p  (c) )  c  (e)  fl  (c)  p  (reg) 

(ii)  T((b)  P  (c))  c  (e)  n  (b)  P  (c) 

(iii)  T((b)  P  (c))  c=  (e)  p  (c)  ,  with  ct  a  function  of 

s  only, 

(iv)  T(b)  cr  (e)  P  (b)  p  (c)  . 


(l)  Kojima,  On  the  theory  of  double  sequences,  Tohoku  Math.  J,  21(1922), 
p.  12,  Theorem  V,  Obviously  typographical  errors  in  the  list  of 
conditions  can  be  remedied  by  studying  the  context. 
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Leja  [20,  1930]  in  1930  gives  the  necessary  and  sufficient 
conditions  for  the  transformations  of  both  type  T  and  type  S 
for  the  following: 

(i)  T((b)  n  (c))  c  (c) 

(ii)  T(c)  c  (c) 

(iii)  T(c)  c  (c)  n  (reg)  . 

Agnew  [3,  1932]  establishes  the  necessary  and  sufficient 
conditions  for  the  transformations  of  type  T  that 

(i)  T(c)  c  (ub)  fl  (c)  Cl  (reg) 

(ii)  T(c)  <=  (c)  0  (reg)  . 

Hallenbach  [13,  1933]  establishes  conditions  necessary  and 
sufficient  for  the  transformations  of  type  S  to  give 

(i)  T(c)e(e)fl  (c) 

(ii)  T(b)  c  (b) 

(iii)  T((b)  n  (c))  C  (b)  n  (c)  . 

These  results,  while  they  are  obtained  independently  by  the 
respective  authors,  overlap  in  many  cases.  The  most  significant  of 
them  being  the  necessary  and  sufficient  conditions  for  the  trans¬ 
formations  T(c)  c  (c)  fl  (reg)  which  was  established  first  by  Kojima 
and  later  by  Leja,  Adams  [1,  1932]  and  Agnew.  We  shall  state,  in  a 
later  section,  the  theorem  due  to  Kojima. 
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5.  Schematic  Relation  of  the  Types  of  Sequences 

We  give  a  diagram  designed  by  Hamilton  showing  the  relation 
between  the  various  types  of  sequences.  Under  the  hypothesis  that  (rc) 
sequences  are  (e)  ,  the  several  types  of  sequences  to  be  considered 
are  related  as  shown  in  the  diagram,  the  arrow  indicating  implication  of 
the  quality  at  its  head  by  that  at  its  tail  [14,  1936]. 
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Conditions  on  the  Matrix  [14,  1936] 


Existence  conditions 
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M.  conditions 


00 


(C1}  Yj 


amnij  I  ^  ^ 


i.J»l 


(c2>  amnij  "  0 


(m,  n=  1,  2,  ...)  f 

for  i  >  M  t  (j  ■  1,  2,  ...) 
and  for  j  >  Mi  ,  ( i  =  1,  2,  . • . ) 
for  some  e  J+  , 

(m,  n  s  1,  2,  ...)  . 


(c)  conditions 
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00 
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(d^)  There  exist  immbers 
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b . a  such  that 
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n  ->  oo 


00 


(e2}*  „1i"  I 


m  — ►  oo 


lim 

n  — ►  oo 


i-1 

00 

I 

i=l 


a  =  L  ,  for  n  >  E .  , 

mnij  .n.j  j 


i  .  .  =  L  .  ,  for  m  >  E  , 

mnij  m. . j  j 


(j  =  1,  2,  ...)  , 


00 


lim  I  VniJ  “  L.ni.  *  f°r  n  >  h  > 

m-*°°  jal 


*JlW  ,  Lb) 

«  V  •  •  • 

1  ‘ »«-  a 
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00 


lim  )  a 

/ ,  mnij 
n  ->>00  f— ‘  J 


=  L 


m.  i. 


for  m  >  E 


CO 


(eg)  lim  Y 

m  — ►  oo  1 


lim 

n  — ►  oo 


i=l 

00 

Z 

i=l 


i  =  L  , 
mnij  .n.j 


lmni  j  Lm. .  j 


,  for  n  >  E  y 


U  =  1,  2,  ...) 


,  for  m  >  E  (j  =  1,  2,  ...)  , 


lim 
m  — *■  oo 


n  — ►  oo 


00 

Z 

j  =  l 
00 

Z 


*mnij  “  L.ni. 


,  for  n  >  E  } 


lim  /  Vij  =  Lm.i.  »  for  m  >  E  U  -  l.  2,  ...)  , 


j=l 


00 


(e  )  lim  V 

m  _k  - 1 


m  oo 


lim 
n  -*>oo 


i  ..  =  L 
mnij  ,n. . 


,  for  n  >  F  y 


i,j=l 

00 


Z 


=  L  ,  for  m  >  F 


mnij  m... 


i,j=l 


7T 

(e.  )  There  exist  numbers  b  ..  such  that 
v  4 '  mij 


lim 
n  -*•  oo 


lim 
n  — ►  oo 


00 

Z 

i=l 

00 

Z 

j  =  l 


a  j  i  "  b  4  4  =  0  for  m  >  G, 

mnij  mij 1  j 


a  -  b  ..  =  0  for  m  >  G . 

mnij  mij 1  i 


(j  -  1,  2,  #••)  j 


(i  -  1»  2,  «••)  » 


and  there  exist  numbers  b  such  that 

nij 


lim 

m  — ►  oo 


00 


Z 

i=l 


amnij  '  bnijl  =  0  for  n  >  Gj  (J  »  1>  2>  •••), 


' 


. 


'S  <  r  i* 


.in. 


mil 


V  <  n  io'i 


*  <  r  <  1 


r-J 


3sri3  dou a 


,  .  <'  a-  a*  ua  3f»Jtx*  V 


tiro 


I ; .  :i  “  Lx  a®* 
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lira 
m  — ►  oo 


00 


Z 

j=i 


amnij  '  bnijl  =  0  for  n  >  G±  (1  =  1,  2,  ...) 


(e,  )  There  exist  numbers  b  . .  such  that 
4'  mij 


lira 

n  — ►  oo 


lim 
n  -*•» 


00 

Z 

i=l 

00 

z 

J-l 


a  ii  “  b  .,  =  0  for  m  >  G 

mnij  raij 1 


a  i  i  "  b  .  .  I  *  0  for  m  >  G 
mnij  mij' 


(j  =  X,  2,  ...) 


(i  =  1,  2,  •  •  • )  ^ 


and  there  exist  numbers  b  . .  such  that 

nij 


lim 

ra  -♦■oo 


lim 

m  — ►  oo 


00 

Z 

i=l 

oo 

Z< 

J-l 


a  ..“b.-sO 

mnij  nij 1 


n  >  G  (j  -  1,  2,  ...)  , 


amnij  ‘  bnij 1  =  0 


n  >  G  (1  =  1,  2,  ...)  . 


(e,)  There  exist  numbers  b  ..  such  that 
v  mij 


lim 
n  -*>  cxj 


00 

Z 

i»  J-l 


a  -  b  .  .  =  0  for  m  >  H 

mnij  mij 1 


and  numbers  b  . .  such  that 

nij 


lim 
m  -►  oo 


oo 

Z 

if  j-l 


a  . .  -  b  . .  =  0  for  n  >  H  . 

mnij  nij 1 


SAri*  rfODB  ..  d  «TfAd-  O  3»lx»  9T3ri] 


...  ,S  «I  -  x) 


3  <  o 


tin 


*■ 


a 

'  I 


00  ♦-  I 


•  •  *1  j 1 ' 

I-l  .1 


«JkX 

.  '  CO  4—  JB 
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(urc)n  (r  )  conditions 
o 


(ex)  (e1)  ,  with 


a  .  =  0 

.nij 

for 

n 

>  D 

> 

a  .  =  0 

m.ij 

for 

m 

>  D 

> 

(i,  j  = 

It  2,  •••)  j 

(*/ 

(e2)*  ,  with 

L  ,  =  0 

.n.  j 

for 

n 

t 

L  ,  =  0 

m. .  j 

for 

m 

>5j 

» 

(j  =  1, 

2,  •  •  •  )  » 

L  =  0 

.ni. 

for 

n 

» 

L  .  =  0 

m.i* 

for 

m 

>h 

» 

(i  =  1, 

2,  . . . )  y 

(i2) 

(eg)  ,  with 

L  .  =  0 

.n.  j 

for 

n 

>  E 

j 

o 

ti 

•<— > 

j 

for 

m 

>  E 

» 

(j  =  1, 

2,  . . . )  > 

L  ,  =  0 

.ni. 

for 

n 

>  E 

> 

L  .  =  0 

m.i. 

for 

m 

>  E 

» 

(i  =  1, 

• • • )  f 

(V 

(e  )  ,  with 

L  =0 

#n  •  • 

for 

n 

>  F 

» 

L  =0 

for 

m 

>  F 

t 

m  •  •  • 


;r'  ub 

•  •  ' 


* 

I  <  ri  ’  oi 


0 


.lr/ 


,  I  <  O  *oi 


•  1.0 

3  <  m  loi 


1  *  t..»- 


,  (...  «s  .1  »  1) 
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<%>* 

(e^)*  ,  with 

o 

ii 

•*-» 

•H 

6 

XI 

for 

m  >  G^ 

*5j  > 

bnij  =  0 

for 

n  >  G 

.  Gj  . 

<%> 

(e^)  ,  with 

bmij  *  0 

for 

m  >  G 

9 

b  =  0 
nij 


for  n  >  G  ,  (i*  j  =  1,  2,  ...)  , 


(e5)  (e5)  »  with 


b  ..  s  0 
mij 

b  =  0 
nij 


for  m  >  H 


for  n  >  H  ,  (i,  jsl,  2,  •••)  . 


(r  c)  conditions 


lim 

m  -►oo 

amnij  “  a.nij 

lim 

n  -►oo 

amnij  “  am.ij 

00 
r— i 

lim 

m  — ►  oo 

Zj  aranij 

i=l 

00 
r — i 

lim 

m  -►oo 

Lx  flmnij 

J-i 

00 
r— i 

lim 
n  -►oo 

Lx  amnlJ 

i=  1 

for  all  n 


for  all  m  ,  (i,  J  =  1,  2,  ♦..)  ; 


for  all  n  ,  (j  «  1,  2,  ...) 


for  all  n  ,  (i  *  1,  2,  ...) 


(j  =  1,  2,  ...) 


for  all  m 


9 


,  t5  .  to  <  .  ™* 
(...  ,s  ,1  -  t  .*>  .  >»  «  15<  n  ,oi 


«  -  tind 


0  "  tl«d 


t  0  <  1  *  i 

0  *  ,  d 

v  ,  (f») 

®  ■  ti»d 

(...  ,S  ,1  -  t  .1)  <  ■  «•  *oi 


; .  ■ 


n 

ali  (  .1) 


I»1 


,  m  lia  toi  t>.„J  -  /v 


70 


00 


lim 
n  — ►  oo 


a 


j=l 


mnij  ra.i. 


for  all  m  ,  ( i  =  1,  2,  . . .  )  , 


00 


(f..)  lim 

m  ->■  oo 


a  .  . 
mnij 


=  L  for  all  n 

oH0  . 


is  3  =  1 
00 

lim  )  a 


=  L  for  all  m  , 


n  — >  oo 


mnij  m. .  . 


i,j=l 


(f,  )  There  exist  numbers  b  ,  .  such  that 
4  mi  j 


lim 

n  ~>oo 


lim 
n  oo 


00 

I 

i=l 

00 


j=l 


a  .  .  -  b  I  =  0  for  all  m  ,  ( j  =  1,  2,  . . .  )  , 

mnij  mij 1  >  >$•*/, 


a  c  *  ~  b  jo 
mnij  mij 


=  0  for  all  m  f  (i  =  1,  2,  ...)  f 


and  numbers  b  . . 

nij 


such  that 


00 


lim 


m  ->  oo  — i 

Isi 


i  .  .  -  b  .  ,  |  =  0  for  all  n  , 
mnij  nij ' 


(j  =  1,  2,  ...)  t 


lim 

m  — ►  oo 


00 


j=l 


a  „ 
mnij 


b  .  .  I  =0  for  all  n  , 
nij  1 


i  =  1,  2,  ...)  . 


(£,_)  There  exist  numbers  b  .  . 
v  y  mij 


and  b  . .  such  that 
nij 


00 


lim 
n  — ►  oo 


1 

i,j=l 


amnij  bmij 


=  0  for  all  m  ,  and 


lim 
m  — ►  oo 


00 

I 

i>  j~l 


a  .  .  -  b 
mnij  n: 


=  0  for  all  n  . 


..  ,S  ,X  •  i) 


■ 
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(r  c)  f|  (rQ)  conditions 


(fx)  {fj^  ,  with 


a  .  =  0 
*nij 


a  .  =  0 

m.  ij 


for  all  n 


for  all  m  ,  (i,  j  =  1,  2,  ...)  , 


(f2)  (fg)  ,  with 


L  .  =  0  }  L  .  =  0 

.n.j  .ni. 

for  all  n  , 

(i,  j  =  1,  2, 

♦  •  •  )  , 

L  .  =  0  ;  L  .  =  0 

m. . j  ro.i. 

for  all  m  , 

(i,  j  =  1,  2, 

•••), 

(f^)  ,  with 

L  =0  for  all  n 

•  XI  •  • 

and  L  =0 

m. . . 

for  all  m  , 

(f^)  (f^)  ,  with 


b  .  =  0 
mij 


bnij  =  0 


for  all  m  9 

for  all  n  ,  (i,  j  =  1,  2,  . ..)  , 


(f5)  (f5)  »  with 


b  ,  ,  =  0 

raij 

b  ..  =  ° 
nij 


for  all  m 


for  al  1  Tij  ( i,  J™lj>  2}  •  •  o )  • 


...  .s  «x  -  t  .0  .  «  101 


t-n. 

X 

:  ,  o  •  II  ,c  1  0  m 


d)lv  ,  (?i) 
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(a  c),  (a  cq),  (a  u  r  cq),  (a  r  cq)  conditions  [25,  1948] 


Combination  of  conditions  selected  from  (a)  to  (f)  together 
with  the  appropriate  ones  from  the  following: 


(gx) 


(g2) 


(g5> 


? 

i.J-1 

00 


a  .  .  I  <  l(m,  n) 
mnij  1  \  / 


E 

j=l 

00 

E 

i=l 

00 

E 

i.J-1 


amnij  Hnni, 


amnij  *mn.j 


a  .  .  =  L 
mnij  mn,. 


(p,  q,  m,  n  =  1,  2,  . . . ) 


(i,  m,  n  =  1,  2,  ...)  , 


(j,  m,  n  =  1,  2,  ...)  , 


(m,  n  =  1,  2,  ...)  f 


(g^)  (g1)  »  with  l(m,  n)  =  I  ,  m,  n  >  M,  M  e  J+  , 


(g^)  (g^)  ,  with  M  =  1  . 


With  the  conditions  on  the  matrix  established  in  §  6  ,  answers 
to  the  first  four  questions  of  §  3  are  almost  completed.  The  answers  are 
given  in  the  form  of  theorems  over  150  in  number.  Contributions  were 
made  by  the  authors  mentioned  previously  as  well  as  Nigam  (1939)  an<* 

Mears  (1948).  We  state  only  some  of  the  significant  results.  For 
detailed  statements  of  the  theorems,  the  reader  is  referred  to  [14,  1936], 
[28,  1940]  and  [25,  19^81* 


. 
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Theorem  2.6,1  (a)  [14,  1936] 


A  necessary  condition  that  method  A  transform  bounded  sequences 
into  convergent  sequences  is 


(d_)  There  exist  numbers  b,  ,  such  that 
5  ij 


lim 

m.n  co 


00 

I 

i.J-1 


mnij  ij 


-  NJ  =  0 


Theorem  2.6,1  (b) 


The  sufficient  conditions  that  method  A  transform  bounded 


sequences  into  convergent  sequences  are  (d^)  and 


00 


(V 


V  | a  ..I  <  P 

1  mnij ! 


mf  n  >  B  . 


i,j»l 


Theorem  2.6.2  (a) 


A  necessary  condition  that  method  A  transform  bounded  sequences 
into  regularly  convergent  sequences  is 


(f  }  There  exist  numbers  b  .  .  and  b  . .  such  that 
'  5'  mij  nij 


00 


lim 

n  — ►  oo 


lim 

m  — ►  oo 


Zla  ,  .  -  b  .  .  I  =  0  for  all  m 

1  mnij  mij1  » 


i.J-1 

00 


l 


a  .  .  -  b  . ,  =  0  for  all  n  . 

mnij  nij 1 


i.J-1 


- 


o  Ug.«  oar' 


hi  >  (,b)  •?»  s  on  psa  js  iiijaoi  o  aX  soneupoa 

„l  I; 


1  'i  mtl  ■ 


'  ■ 


Theorem  2.6.2  (b) 


Theorem 


Theorem 
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The  sufficient  conditions  that  method  A  transform  bounded 
sequences  into  regularly  convergent  sequences  are  (f^_) 


(dL) 


1  im  a  .  .  =  a  .  .  , 
mm  j  . .  i  1  * 

m,n  — ►  00  J  J 


(i,  j  =  1,  2,  ...) 


and 

(ci) 


00 


Z 

i.J-1 


a  .  .  I  <  P 
mmj 


(m,  n  =  1,  2,  . . . ) 


3.6.5  (a)  [25.  1948] 


A  necessary  condition  that  method  A  transform  absolutely 
convergent  sequences  into  convergent  sequences  is 


(a3) 


lim 

m,  n  — *■  00 


00 

Z 

i.J-1 


a  =  L 
rnnij 


3-6.5  (b) 


The  sufficient  conditions  that  method  A  transform  absolutely 
convergent  sequences  into  convergent  sequences  are  (d^)  ,  (d^)  and 


(S|.) 


i.j=l 


mni  j 


<  l(m,  n)  <  I  , 


(p,  q  =  1,  2,  ...)  ,  m,  n  >  M  ,  M  e  J+  . 


teteuod  nrroianaT*  A  bo***.  »-»»“«“  Wsi:,iiiu* 


1.  y% .  r-:?S2dJ- 


■  n.i 


bfCB 


(,>) 


. 


[s*>i  ,?s]  H  a-*-s 


XisluIondB  srjoiaaaii  A  bodJ?m  Jfiria  aoliibnoo  r»»»90  A 


■  '  .ftn 


at)  ♦—  I  ,fU 


■;fc)  . 


I  ji-.b:  JS»U«!2!?I 


' 
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CO 


(d2) 


lim 


m,n  -voo 


mni  j 


L 

•  «  •  J  > 


lim 


msn  ->-oo 


00 


z 

j=l 


1  .  i  =  L 

mni j  ,.i. 


(i,  j  =  1,  2,  ...)  . 


Theorem  2.6.  U  [19,  1922] 


The  necessary  and  sufficient  conditions  that  method  A  transform 
regularly  convergent  sequences  into  convergent  sequences  are 


<3i> 


lim  a  =  0 
mn  i  j 

m,n  -►oo 


(i,  j  =  1,  2,  •••) 


(b2) 


a  . .  =  0  for  all  m,  n,  i  >  M.  , 

mni j  *  *  J 


(j  =  1,  2,  . ..),  and  for  all 
ms  n,  j  >  ,  (i  =  1,  2, 

for  some  M.  ,  M,  e  J+  , 
i  j  > 


00 

c — | 

(Cj^) 

i  IVijI  <P  (m- n  - 

i.j=l 

and 

w 

(*,) 

lim  L  Vij  - 1  • 

m,n  -►«  i} j  =  1 

7.  Recent  Results 

In  this  section  we  consider  the  answers  to  the  fifth  question 
on  the  summability  of  double  sequences  and  series.  We  remark  also  that 
functional  analysis  is  applied  in  the  proofs  of  all  the  results  given 


in  this  section. 


mXi' 


tS2?X  ,QX]  !».»TOS<g 


,  (...  .S  ,i  -  t  .1) 


. 


,  H  <*  .«.«  Xi»  iol  0  .  (s^) 
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As  early  as  19^0,  Hill  was  able  to  extend  the  results  of  Banach 
on  perfect  suraraability  of  simple  sequences  to  certain  cases  of  double 
sequence  summability  and  established  the  following  counterpart  of  Banach's 
theorem. 

Theorem  2.7.1  [17,  1940] 

Let  the  method  A  be  perfect,  and  let  the  method  B  transform 
(r  c)  into  (c)  regularly  and  transform  into  (c)  every 
sequence  that  A  transforms  into  (r  c)  ,  Then  every  sequence 
{s^}  transformed  into  (r  c)  by  A  is  transformed  into  (c) 

by  B  with  the  same  principal  limit.  Moreover,  if  B  is  completely 
regular  and  transforms  into  (r  c)  every  sequence  that  A  does, 
then  the  row  and  column  limits  assigned  by  B  to  {s^)  will 

be  respectively  equal  to  those  assigned  by  A  . 

While  Hill  gives  the  relation  between  a  perfect  summability 
and  regular  summability  method  and  perfect  summability  and  completely 
regular  summability  method,  he  does  not  give  the  conditions  for  which 
the  method  may  transform  a  regularly  convergent  sequence  into  a  regular, 
completely  regular  or  perfect  sequence. 

In  1955,  Alexiewicz  and  Orlicz  [6,  1955]  establish  the  necessary 
and  sufficient  conditions  for  the  method  A  to  transform  regularly  convergent 
sequences  into  regularly  convergent  sequences  and  completely  regular 


(2)  Banach,  Theorie  des  operations  lineaires,  p.  95. 
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convergent  sequences.  Ramanujan  [29,  1958]  establishes  the  necessary  and 
sufficient  conditions  for  the  method  A  to  transform  perfectly  convergent 
sequences  into  perfectly  convergent  sequences.  Alexiewicz  and  Orlicz 
also  improve  the  consistence  theorem  of  Hill  by  requiring  the  method  A 
to  be  completely  permanent  instead  of  being  perfect.  Furthermore, 
they  establish  results  equivalent  to  those  obtained  by  using  the  A-method 
by  means  of  three-dimensional  matrix  transformations  on  regularly 
convergent  sequences.  Thus  question  (v)  is  completely  answered. 

Remark  2.7.1 

In  order  to  keep  this  section  completely  self-contained,  we 
allow  some  repetition  of  the  conditions  from  the  previous  section. 


A.  The  A-method  of  four -dimensional  matrices 


For  the  A-method,  we  have  the  following  conditions 


for  summability 


Theorem  2.7.2 


The  method  A  transforms  regularly  every  sequence  regularly 
convergent  to  0  if  and  only  if  the  following  conditions  are 


satisfied: 


00 


(ax) 


mnij 


<00  , 


m,n  -tea 


lim  a 


mnij 


s  a 


•  •  i  j  y 


■ 


>3  *  *  U  >:> 
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<£1> 


n  — ►  oo 


(d2) 


(f2) 


tn  — ►  oo 


lim 

m,n  -♦•oo 


lim 

m,n  — ►  oo 

lim 
ra  — ♦  oo 


amnij 

=  a 

m.ij 

Emnij 

=  a 

.nij 

00 

Z 

amnij 

J-l 

00 

Z 

amnij 

i=l 

00 

,  and 


a  •  i* 


,  and 


Z 

i=l 


a  =  L 
mnij  .n.j 


lim 
m  — ♦•  oo 


lim 
n  — ►  oo 


00 

Z 

J-l 

CO 

Z 

i=l 

00 


a  .  .  =  L 
mnij  .ni,  , 


a  .  .  =  L  . 
mnij  m.  0j  , 


lim 
n  — ♦  oo 


j-l 


a  .  ,  —  L  , 
mnij  m.i.  , 


[s 


ij 


) 


If  these  conditions  are 
regularly  convergent  to  0 


satisfied,  then  for  every  sequence 
the  following  formulae  hold: 


'  lr. 


■ 


r_  v 


- 


■ 


j  b  (off  a»I«ian#i  alvoIJoi  otiJ  0  oU  Jnsgiavao*  Rising®*  {..«} 
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j=l  i=l 


j=l  i=l 


moreover 


lim 

a  j  * 

-  lim 

a 

=  a 

.ij  , 

m  — ►  oo 

m,  ij 

n  — y  oo 

.nij 

• 

lim 

m  — v  oo 

L  . 
m.  i. 

=  lim 

n  — ►  oo 

L  , 
.ni. 

ii 

t-* 

• 

.  i.  , 

lim 

m  -*  oo 

L  ^ 
m. .  j 

es  1  fm 

n  — ►  oo 

L  . 
.n,  j 

H 

• 

..j  ’ 

Theorem  2.7.5 


The  method  A  transforms  regularly  every  sequence  regularly 
convergent  to  0  into  a  sequence  convergent  to  0  if  and 
only  if  the  conditions  (a^)  ,  (f^)  ,  (f^)  are  satisfied  and 


(ax) 


lim 

m,n  oo 


a  ,  .  =  a  .  =  0 
mnij  ..ij  t 


%. 

isli  97  >n  O*  H><  Vll*  U;  1  *>  -  A  «  »A T 


*w  o 


•  « 


- 

80  - 

00 

T — 1 

lim 

m,n  — ►  oo 

l 

i=l 

amnij 

• 

• 

• 

II 

=  0  and 

lim 

m,n  —►oo 

00 

I 

mnij 

• 

o 

n 

j=l 

Theorem  2.7.  U 

The  method  A  fulfills  the  condition  (rQ)  of  definition  2.2.6 
if  and  only  if  the  conditions  (a^  ,  (d^  ,  (d2) ,  (f^  and  (f  ) 

are  satisfied  and 


(ex) 

lim 

n  -v  oo 

amnij 

am.ij  ®  f 

<y 

•H 

^.mi 

.  "°  , 

(h2) 

Lm.i. 

=  L 

.m. 

i  =  6mi  * 

where 

6«i 

denotes 

the  delta  of  Kronecker. 

Theorem  2.7.5 


The  method  A  transforms  regularly  every  sequence  regularly 
convergent  if  and  only  if  conditions  (a^)  ,  (d^)  ,  (d2)  , 
(f^)  ,  (f^)  and  the  following  are  satisfied* 


lim 

m,n  -*-oo 


l 


i,j=l 


lim 

m  -►  oo 


I 


i>  j-l 


,  and 


brm 


. 


■ 
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lim 
n  — ►  oo 


00 


I 


a 


mnij 


=  L 


m. 


In  this  case 


lim 

m  — ►  oo 

L 

m. . . 

=  lim 

n  —♦■oo 

L  =  L 

.n. . 

♦ 

00 

T - 1 

00 

00 
r— > 

< 7  = 
m. 

S(Lm 

m. 

..  ‘  X 

Lm.i,  ^ 

L 

)  +  Z_i  am.ij 

i=l 

j 

=i 

i,J-l 

00 

\  ■  1 

00 
i  ■  | 

+ 

I 

<Vi.  - 

Zj  am.ij^ 

si. 

i=l 

J-l 

00 

V""  \ 

00 
r  "j 

+ 

l 

Zj  am.ij^ 

8ij  * 

J-l 

i=l 

and  similar  formulae  hold  for  a  and  O'  . 

.n 


Theorem  2.7.6 


The  method  A  is  completely  permanent  if  and  only  if  conditions 
(ax)  >  (dx)  ,  (d2)  ,  (d^)  ,  (e^)  ,  (f^)  ,  (1^)  ,  (hg)  and 

the  following  are  satisfied; 


3  J  4 

m.ij 


0  , 


We  now  give  the  generalized  result  of  Hill  due  to  Alexiewicz 


and  Orlicz  [6,  1955]* 


.  .*•  «*• 
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-  3  •  i:  v 
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Theorem  2,7.7 


Let  the  method  A  be  completely  regular  and  let  every  regularly 
convergent  sequence  be  B-summable  to  its  limit.  If  every 
bounded  sequence  {s^)  regularly  A-suramable  is  B-summable,  then 


A  -  lira  s  =  B  -  lim  s 


Theorem  2.7.8  [29,  1958] 

The  method  A  transforms  all  sequences  perfectly  convergent  to 
0  into  perfectly  convergent  sequences  if  and  only  if 


00 


(i^)  For  each  fixed  i  and  j  ,  the  double  sequence 
[amnij]  is  perfectly  convergent. 

Theorem  2.7.9 

The  method  A  is  completely  regular  for  sequences  perfectly 
convergent  to  0  if  and  only  if  it  satisfies  (a^)  and 

(i  )  For  fixed  i  and  j  ,  the  double  sequence  [a  ,) 
2  J 

is  perfectly  convergent  to  0  . 


Y-V-S  qaaparf? 


T  u  .31*11  331  >1  »  ue-a  od  90«*up»e  Jm^vnca 


£  ,1  L  •*-  It* 
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Theorem  2.7.10 


The  method  A  is  completely  conservative  for  perfectly  convergent 
sequences  if  and  only  if  (a^)  an<*  the  following  conditions 

are  satisfied: 

(i^)  For  fixed  i  and  j  ,  the  sequence  (amn£j)  is 
perfectly  convergent  with  limit  L  .  , 


i.J-1 


is  perfectly  convergent  with  limit  L  . 


Under  these  conditions  the  limit  of  the  transformed  sequence 

will  be 


where  s  =  lim  s 
i,j 


Theorem  2«7.11 


The  method  A  is  completely  regular  for  perfectly  convergent 
sequences  if  and  only  if  (a^  ,  (i2)  and  the  following 

condition  are  satisfied: 


L 

mn. . 


00 


is  perfectly  convergent  with  limit  1  . 


•  • 


J  In  '  »  5  V  9 


•d  hi* 


■u..j  1*  UJ  ;JJ  • 


nil  *  «  »tnrlw 


«*-  tt* 


s  :iwoiIoi  .rtd  I*.  {/)  ,  (,»)  *<*>  bm  U  83Sa30p8e 
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B,  Transformations  reducing  the  degree  of  multiplicity 
of  the  given  sequence  [6,  19551 


The  double- to- single  sequence  transformation  is 
defined  by  a  three-dimensional  matrix 


M  s  (aijk)  ,  i,  j,  k  =  0,  X,  2,  ... 

with  the  transforms 

00 

Vs)  =  Yj  a^k  S3k  * 

J.k-0 


Such  methods  map  double  sequences  upon  single  ones.  M-summability  is 
defined  as  usual  and  the  generalized  limit  is  written 


M  -  lim 

j,k  — ►  oo 


or  simply  c r  . 


Definition  2.7.1 


The  method  H  is  said  to  fulfill  the  condition  (pQ)  if  it 

transforms  every  sequence  perfectly  convergent  to  0  into  a  convergent 
sequence  if  and  only  if  the  following  conditions  are  satisfied: 

m 


There  exists 


lim 

i  — ►  oo 


(j,  k-0,  1,  2,  .♦.)  • 


tt-  urn  lanol  an  soil  b-«  MitS  ft  X*  *>•"**»*. 


...  »s  «i  tO  e  «  «- 


•  Ws)  ,M 


-r  loieirBT*  ri3iv 
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mil 
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Theorem  2,7.12 


The  method  M  satisfies  the  condition  (pq)  if  and  only  if 


the  conditions  (a^)  and  (a^)  are  satisfied  and 


(a3)  ^  aijk  ‘  a.jk  “  0  • 


Theorem  2.7.15 


The  method  M  transforms  every  sequence  regularly  convergent 
into  a  convergent  sequence  if  and  only  if  the  conditions  (a^)  , 


(a2) 


and  the  following  are  satisfied: 
00 


(@x)  lim  £ 

i  — *  °°  f — • 


j=0 

00 


lim  ) 

i  — o° 


k=0 

00 


lim  \ 
i  . 


aijk  =  L..k  , 


3ijk  =  L.j.  , 


aijk  "  L  • 


j,k  =  0 


Theorem  2.7.14 


The  method  M  transforms  every  regularly  convergent  sequence 
into  a  sequence  convergent  to  the  same  limit  if  and  only  if  the 
conditions  (c^)  ,  (a£)  ,  (pt)  are  satisfied  and 


(e2) 


a.jk  =  L..k  =  L.j.  =  0  > 


(p3) 


L  =  1 


«♦-  J 


■ii 
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If  the  method  M  satisfies  the  conditions  (a^)  ,  (a^)  and 
(Px)  ,  then 


00  oo 

r — i  r — i 

00 

L  a-jk  Sjk  +  L 

(L.j. 

L  a.jk)  Sj. 

j  ,k=0  j=0 

k=0 

00 
r— | 

00 
r — i 

+ 1 

<L..k 

Zj  S*k 

k=0 

u. 

II 

O 

for  every  regularly  convergent  sequence. 
Definition  2.7.2 

The  number 

00 

c(M)  -  L  -  £  a  Jk 
j,k=0 

is  called  the  characteristic  of  the  method  M. 


Let  M'  %  (a! '  )  be  another  method  satisfying  the  conditions 

ijK 

(a^)  ,  (a^)  and  (p^)  l  for  this  method  denote  the  numbers  defined  by 
the  conditions  (a^)  and  ((3^)  by  a'^  ,  L*  ^  ,  L'  respectively, 

Then  we  have 


Theorem  2.7.15 

The  methods  M  and  M' 
sequences  if  and  only  if 


are  consistent  for  regularly  convergent 


and  L  =  L'  , 


j 


. 


0-t 


MB  . 
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for  j ,  k  =  0,  1,  2,  , . .  ,  and  in  this  case 


Theorem  2.7.16 


c(M)  =  c(M’) 


Let  c(M)  0  and  let  the  methods  P  and  Q  be  consistent 
for  regularly  convergent  sequences.  If  every  bounded  P-summable 
sequence  is  Q-summable,  then 

P  -  lim  s , .  =  Q  -  lim  s .  . 
i,j  J  i,j  -°o  1J 


C.  Restrictedly  convergent  double  sequences 

Wp  conclude  this  chapter  by  stating  the  consistence 
theorem  on  summability  methods  for  restrictedly  convergent  double  sequences 
due  to  Alexiewicz  and  Orlicz  [7,  1959]*  The  conditions  on  the  matrix  A, 
for  the  restrictedly  convergent  sequences  being  analogous  to  those  for 
the  regularly  convergent  sequences,  are  omitted.  The  reader  is  referred 
to  [7,  1959]  for  further  detail. 


Notation 

As  before  (b)  0  (c)  is  used  to  denote  the  class  of  all 
bounded  convergent  sequences  while  [(b)  fl  (c)]  is  now  introduced  to 
denote  the  class  of  all  bounded  restrictedly  convergent  sequences. 

(b)  n  (c  )  and  [(b)  D  (cq)]  will  stand  for  the  subspaces  of  (b)  fl  (c) 

and  [(b)  fl  (c)]  ,  composed  of  the  bounded  null  convergent  and  bounded 
restrictedly  null  convergent  sequences  respectively. 
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Let  Z  be  any  class  of  bounded  convergent  or  bounded  restrictedly 
convergent  sequences. 


Definition  2.7.5 

The  method  A  is  called  restrictedly  conservative  (abbreviated 
r-conservative)  for  Z  if  it  transforms  every  sequences  of  Z  into  a 
bounded  restrictedly  convergent  sequence. 

Definition  2,7, k 


The  method  A  is  said  to  be  restrictedly  permanent  (abbreviated 
r-permanent)  for  Z  if  it  is  r-conservative  for  the  class  and  the 
generalized  limit  a  is  equal  to  the  ordinary  limit  (or  the  limit  in 
the  restricted  sense)  for  every  (sij)  €  z  • 

Theorem  2,7.17 


Let  the  methods  A  and  B  be  r-permanent  for  (b)  fl  (cq) 
and  let  every  bounded  sequence  restrictedly  A-summable 

to  0  be  restrictedly  B-summable.  Then 


B 


'LU:J 


sij  ■  ° 


Definition  2,7»5 


The  number 


00 


c (A)  =  L  -  a 


ij 


i,j=l 


a 


f.T.S.  noiJini/lsq 
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defined  for  methods  r -conservative  for  (b)  n  (c)  is  called  the 
characteristic  of  A  . 

Definition  2.7.6 

The  methods  A  and  B  are  called  r-consistent  for  the  class 
Z  of  sequences  if  each  sequence  of  Z  is  restrictedly  summable  by  both 
methods  to  the  same  value. 

Theorem  2.7.18 

Let  the  methods  A  and  B  be  r-consistent  for  (b)  fl  (c) 
and  let  c(A)  /  0  .  If  each  bounded  restrictedly  A-summable 


. 


„  ,i3  srf3  toI  3»aaM«-i  b»«»»  - 1.  a  bo*  *  *bori:’1 ”  ” 


ri30a  «»  *  *«  •»«•*»*«  d3“  11  *#9“*!,p!’e  ° 


tb  .  —  l.i~l  ‘  —  t-.X 


90 


CHAPTER  III 

SUMMABILITY  OF  DOUBLE  SEQUENCES  AND  SERIES  (II) 

(SPECIAL  METHODS) 


It  is  the  purpose  of  the  author  to  state,  in  this  chapter,  the 
various  methods  of  summing  double  sequences  and  series  and  the  relations 
between  these  methods  whenever  such  relations  exist.  References  corres¬ 
ponding  to  the  methods  are  also  given  so  that  the  reader  may  refer  to 
them  for  further  information. 


1.  Definitions 


We  state  the  important  definitions  of  this  chapter  in  their 
generalized  forms. 

00 


Let  G 

mn 


with  partial  sums 


be  the  transform  of  a  given  double  series 


I  V, 


i,j=0 


by  some  method  of  summation  (G)  • 

Definition  5.1»1 

00 

The  double  series  ^  u^  is  said  to  be  restrictedly  (g) 

i,j=0 

summable  (or  (G^)-summable)  if  the  sequence  Gmn  -*•  s  as  m,  n-*co 
under  the  condition  A"1  <  m/n  <  A  ,  where  A  >  1  arbitrary  but  fixed. 


(«*«  *«*.> ;  . 
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Definition  5.1,2 


00 


The  double  series 


1»  j=0 


u^  is  said  to  be  absolutely 


(G)-summables  denoted  by  | (G) | -smnmable9  if 


00 


m0n=l 


G  “G,  “  G  .  +  G  _  , 

mn  m-lsn  m,n-l  m~l,n-l 


<  00 


and  if 


00 


l 

m=l 


G  "  G  « 

mn  m-i,n 


<  00 


00 


G  -  G 
mn  m.n-l 


<  00 


for  each  n  and  m  respectively, 


Definition  5.1.5 


Let  p  >  0  and  let  A  be  a  matrix  (a  . with  elements 
r  '  rnnij' 

defined  when  1  <  i  <  m  <  oo  and  1  <  j  <  n  <  °°  . 


A  double  series  )  u. .  with  partial  sums  s 

Z_i  ij  mn 


m.n 


i.J-0 


u 


ij 


is  said  to  be  strongly  (A)-summable  to  s  if 

m„n 


lim 

m,n  -►oo 


£ 


a  ..  s..  -  s  r  =  0  • 

mnij  1  ij  1 


i8  j«0 


(ii)  A  double  series  V  is  sai^  to  be  restrictedly 


strongly  (A)-summable  (or  strongly  (A^)-suaanable) 
if  for  each  X  >  1  , 


to  s 


X 


(  >»(  XaUieq  rfjbr 


*Idu*t  A 


a*«-  n,n 


X-  l  $<J  oS  I  /  i  sir  ?ol>  4  (ii ) 
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lim 


m,n  -4  oo 


m.n 


i,j=0 


-1 


a  .  s .  -  s  =  0 

mnij  1  ij  1 


subject  to  the  restriction  A  <  m/n  <  A 


2.  Special  Summability  Methods 


5.2.1  Abel  (A,  A  ,  an)  means  [16,  19^8],  [19»  19^31- 


00 


For  a  given  double  series 


numbers 


Z 


and  the  sequences  of 


i,j=0 


0  <  A  <  A  <  A  <  . . . 
—  o  1  2 


00 


n 


if  the  series 


0  <  aQ  <  <  . . . 


00 


-Ax  -ay 
m  n 

u  e  e 

mn 


m,n=0 


a  ->-oo  , 
n 


is  convergent  for  all  x,  y  >  0  ,  and  if 

00 

(a)  f(x,  y)  «  u 


mn 


-(Ax+ay) 

m  n  c 

e  -►  S 


m,n=0 


00 


when  x,  y  -400  ,  then  we  say  that  the  series  ,  ~  , 

i,  j=0 


Z  ”, 


is  summable 


(A,  A  .  a  )  ,  or  (A,  A,  a)  ,  to  the  sum  S  j  and  write 
'  m  n' 


00 


X  Uij  =  S(A>  *,<x)  # 


i,j=0 


0-1 


t* 


I! 

»  n,ra 

C**t  «•* 
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In  particular,  for  A  =  m  and  a  =  na  ,  we  have  the  (A,  m  ,  na)  means: 

m  n  ' 


00 


f(x»  y)  =  I  V 


/  A  a  \ 
-(m  x+n  y) 


m,n=0 


The  (A,  A  ,  a  )  method  is  regular.  [59,  1951],  [60,  1954]. 

in  n 


As  an  application  of  Abel’s  method  of  summation,  we  give  the 
following  theorem  due  to  Grazava  [26,  I963]. 


Theorem  5.2.1 

If  the  terms  u  of  a  double  series  which  is  summable  by 

mn 

Abel’s  method  satisfy,  for  some  fixed  p  and  q  (0  <  p  <  1  , 
0  <  q  <  l)  ,  the  three  conditions 

(i)  m^  n^  u  -4-0  for  m,  n  -►00 

'  '  mn 


(ii) 


when  m  -400  for  all  fixed  n 


when  n  -400  for  all  fixed  m  , 


then  the  double  series  converges  provided  one  of  the 
two  conditions  (ii)  and  (iii)  holds  uniformly  with 
respect  to  the  fixed  subscript  n  or  m  . 


(•«  /-  .A)  .d*  *v  .  °n  -  +  bn,  .  -  /  at 


.  .  Jfl 


,0d]  .5?]  6orfl»«.  no  t-*  dT 


. 


;jbrrr>  ;  301  fU  nil  *  (  i  >  p  >  0 


i'  - 

,  m 

r  ,M  )  »  (  0  :  •  •  w} 


3.2.2 


The  generalized  Barlaz  B  (x  ,  y  )  means^ 
— - - - . - av  u  v' _ 


oo 


Let 


I 


be  a  double  series  with  its  partial  sums 


i,j=0 


mtn 

•  -l  - 

i.j-0 


jnn  /  •  The  generalized  Barlaz  B  ^(x  ,  y  )  means  are  defined 

M*  M  ^ 


by  the  transformation 


(b)  yJ  = 


-(x+yj 


H  'v 


piv'  [i'  'V' 


-it  r 

l,  (emn  x”y>:n:)  • 


m,n=0 


If  lim  B  (x  ,  y  )  exists  as  x  ,  y  -+oo  ,  v  ->-oo  ,  the  sequence 

[1.  V  [A  V  [-1  V 

{s^}  is  said  to  be  B^v(x^,  yv)-summable. 


Theorem  5.2.2 

A  necessary  and  sufficient  condition  that  the  method  defined 
by  (b)  be  regular  is  that 


lim  (x  -  (i )/sT\i 

[i  — ►  00  ^ 


=  -00 


and 


lim  (yv  -  v)/nTv  = 


-00 


V  — ►  oo 


The  generalized  Barlaz  means  are  a  variant  of  the  Bor el 
exponential  means  obtained  by  replacing  the  continuous  parameters  x 


(l)  This  method  is  the  author's  generalization  of  the  result  of  J.  Barlaz. 

On  some  triangular  summation  methods.  Amer.  J.  of  Math.,  69(19^7) >  139~152. 
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and  y  by  discrete  variables  x  and  y  ,  respectively. 

M*  ^ 


3.2.3  (a)  Borel  and  B  means 


00 


Let  there  be  given  a  double  series 


I 


and  its 


i,j=0 


partial  sums 


m  n 


U  =  V  V  U..  . 

mn  Z_,  Z_. 


i=0  j=0 


Suppose  that  the  double  power  series 

00  i  ' 

U(X,  y)  -  £  uij  Ijfr 

i.J-o 

converges  for  all  values  x  >  0  and  y  >  0  .  Then  the  series  y  u„ 

i,j=0 


00 


is  said  to  be  B^-summable  to  sum  S  if 

(c  )  lim  U(x,  y)  -  S  . 

(x,y)A-»«> 

By  the  symbol  (x,  y)A  -m»  we  mean  that  (x,  y)  -+00  inside  the  sector 
defined  by  the  inequalities 

*  <  y/x  <  A  ,  0  <  X  <  1  . 

The  given  series  is  said  to  be  B-summable  to  sum  S  if 

(c  )  lim  e" (x+y )  U(x,  y)  =  S  , 

2  x,y  ->  00 


vlevUseqaa?  .  v  be 


rjk  -r:  i  ■  -  ,  au  t  :>£  »t.  .  v 

«  a  ,&JtJ  :uc 

•  U"  I  /  ■ 


a^tiia  twoq  3j''.roJ>  »ih  J  J  a«?oqqu3 


-  u  ,*)« 


0*1,1 


oo4-  (y  ,x)  darf3  f»  oo4-  (y  ,x)  lodnrYa  <  3  Ya 
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i.e.  for  each  e  >  0  ,  there  exists  a  number  T(e)  such  that 

|e  (x+y)  u(x>  y)  -  S|  <  € 

for  all  x  >  T  and  y  >  T  . 


00 


I  uil 


For  conditions  on  the  sequence  U  for  which  the  series 

mn 


is  regularly  Ik-summable,  the  reader  is  referred  to  [12,  19^7]* 


i,j=0 

[5,  1953]  and  [34,  I960]. 


3.2.3  (b)  Borel  and  B'  integral  means 


Let  the  double  power  series 


P( 


*•»>-£  “ii 


i.J-0 


converge  for  all  values  x  and  y  (i.e.  let  p(x,  y)  be  an  entire 
function).  We  write 


x  y 


$(x,  y)  =  f  t  e  (t+T)  p(t,  t)  dt  dT  . 


00 


Then  the  series 


(c3> 


I  "ij 


0  0 


is  said  to  be  B-! -summable  to  the  sum  S  if 


i,j=0 


(x,y)- 


lim  $>(x,  y)  =  S  , 


00 


00 


and  the  series  }  u. .  is  said  to  be  B’-summable  to  the  sum  S  if 

Z_  1 

i,j=0 


T  <  x  11b  *ol 

ij  :»e  rfo: 

#[yi0I  .si ]  Oi  bsiiala*  »1  9I;1  taIdfiBsn*ri-^3  K*  ~'*J  r\rx  &i 
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(°i.) 


lim  $>(x,  y)  =  S 
x,y  ->  oo 


Remark  5.2.1 


The  methods  B  and  B'  are  limiting  forms  of  the  methods 


B-^  and  3-^  for  A  ->  oo  . 


Remark  5.2.2 


The  reader  is  referred  to  Muraev  [39>  1961]  for  the  necessary 
and  sufficient  conditions  for  which  an  Euler  (E,  p,  q)-summable  series 
is  summable  by  the  Bor el  (B^) -exponential  means. 

3.2.4  de  la  Vallee-Poussin  sums  (V) 


For  a  double  series  )  u, .  .  the  de  la  Vallee-Poussin 

L  iJ 


sums  are  defined  by  the  series-to-sequence  transform 


m,n 


<di> 


m!  m!  n!  nt 


mn  (m  -  i)  I  (m  +  i) (n  -  j)!  (n  +  j)l  Uij 

i,j=l 

luv 


or  for  the  sequence  of  partial  sums  {s^}  with  s^  =  ^  u^  , 

i,j=0 


by  the  sequence-to-sequence  transform 


m.n 


(a2) 


m 


'mn  [_x  (m  +  p. 

|i,V=l 


1  m!  nl  nl  (2u+  l)  (2v  +  l) _ 

\x  +  1)1  (m  -  (i) I  (n  +  v  +  1)1  (n  - 


Ti 


s 

(iV 


(,o) 


JtSff  jlSSS* 


■ 


>  . 


(iBeeoaan  9tf:  laj  [ic  >1  ]  vai  i  M  oj  banslsi  ?!  *j;  -’rfT 
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The  methods  defined  by  (d^)  an<*  (d^)  are  reSular»  In  each  case, 

the  generalized  sum  is  said  to  be  the  limit,  if  it  exists,  of  the  right 
hand  side  as  m,  n  — ►  <»  . 


Remark  5*2,5 


In  the  case  of  single  series,  T.  H.  Gronwall  and  C.  N.  Moore 
have  shown,  independently,  that  any  series  summable  by  Cesdro's  means  of 
any  order  is  also  summable  (V)  to  the  same  sum.  It  is  the  author's 
conjecture  that  the  same  will  be  true  for  double  series. 


3.2.5  Gronwall' s  (f^,  g^)-method  for  double  series 


(2) 


00 


Let  the  series 


I- 

i,j=0 


ij 


be  given.  Define 


w  = 


hz 


(1  -  z)‘ 


from  which  we  see  that  the  unit  circle  |z|  <  1  is  mapped  simply  on 
the  w-plane  slet  along  the  real  axis  from  1  to  +  00  ,  and  consequently 

|w|  <1  is  mapped  simply  on  a  region  interior  to  |z|  <  1  ,  and  z  =  0 
corresponds  to  w  =  0  . 

We  then  define  the  functions  f^(w)  and  g^w)  (i  =  1,  2) 
as  follows: 


This  generalization  is  based  on  the  results  of  T.  H.  Gronwall, 
Summation  of  series  and  conformal  mapping.  Annals  of  Math. 

(2)  33(1952),  101-117. 
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f^(w)  is  holomorphic  for  |w|  <1  except  at  w  =  1  ,  and 

z  =  fi(w) 

maps  jw|  <  1  simply  on  a  region  D  interior  to  |z|  <  1  in  such  a 
manner  that  z  =  0  corresponds  to  w  =  0  ,  and  z  =  1  to  w  =  1  .  The 
inverse  function  is  holomorphic  on  the  boundary  of  D  except  at  z  =  1  , 


and  at  this  point 


1  -  w  =  (1  -  z)  (a  +  ...)  ,  A  >  1  ,  a  >  0  , 


where  the  dots  denote  a  power  series  in  1  -  z  without  constant  term 
(the  coefficients  may  be  complex).  The  g^(w)  are  defined  by 

00  n 

8i(w)  =  bn  w  1  »  bn  /  0  ,  (i  =  1,  2)  , 

ni=0  1  1 


(n  —  0,  1,  2,  •»•)  » 


and 


gt(w)  =  (1  “  w)'a  +  7i(w)  ,  a  >  0  ,  (i  =  1,  2)  , 


where  7^(w)  is  holomorphic  for  |w|  <  1  ,  and  finally 

g±(w)  /  0  for  |w|  <  1  . 


Definition  5.2.1 


When  the  sequence  (U  }  (m,  n  =  0,  1,  2,  ...)  is  generated 

mn 


by  the  identity 


(e)  L 

i,j=0 


00  00 
I  uu  *i+J  ■  X 


b  U  w 
mn  mn 


iiH-n 


m,n=0 


Jj  :  xs  '  ;  \ 


f  u.  |  0?  ->i  j1  <■  f  .  c  ro  v  ;a  .  >  jv' 
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«  (2  . 
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and 


U  -+  S 
mn 


as  m,  n  — >  oo 


where 


U 


mn 


m.n 


i,  j=0 


amnij  Uij  (ra>n  -  2,  •••)  > 


00 


then  the  double  series  u^  is  summable  (f^,  g^)  to  the  sum  S  . 

i»  j=0 

For  a  deeper  investigation  of  the  generalization  of  Gronwall's 
result,  the  reader  is  referred  to  [9,  1953]  and  [8,  I9U7]. 

3.2.6  Hausdorff  means  for  double  series 

Let  P  be  a  matrix  whose  elements  are 


k+l 


m 


k  <  m  ,  i  <  n 


=  0 


otherwise, 


where  m,  n,  k,  i  are  positive  integers  or  zero.  The  so  defined 
difference  matrix  P  is  its  own  inverse,  i.e.  P  =  P  1  .  Let 

U  !  ("mnu) 


be  an  arbitrary  diagonal  matrix,  i.e.  the  elements 


Umnki  ^ 


for  k  =(=  m  or  £  f  n  or  both,  so  that  the  only  non- zero  elements  are 
(m,  n  =  0,  1,  2,  ...).  We  write  for  simplicity 


u 


mnmn 


u  =  u 
mnmn  mn 


.  (...  ,8  .1  .0  .  ..»>  tl“  tW  \ 
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Then  the  transformation  matrix 

A  =  P  UP'1 

is  called  a  Hausdorff  matrix  corresponding  to  the  sequence  • 

We  remark  that  Hausdorff  matrices  are  commutative.  A  given  double 
sequence  S  =  fs  }  is  said  to  be  summable  to  cr  in  the  Hausdorff 
sense  corresponding  to  the  sequence  (u  }  if  the  sequence 


where 


H  =  {h  } 
mnJ 


> 


H  =  AS 


approaches  <T  as  m,  n  become  infinite.  For  the  proof  of  the  following 
theorem  on  regularity  of  Hausdorff  means,  the  reader  is  referred  to 

[2,  1933]. 


Theorem  5.2,5 


The  Hausdorff  method  of  summability  corresponding  to  the  bounded 
sequence  (u  )  is  regular  if  and  only  if 


1  1 


0  0 


d  d  g  (  u  ,  v )  > 

u  v 


(m,  n  —  0,  1,  2,  •••) 


> 


where  g(u,  v)  is  of  bounded  variation  in  the  sense  of 
Hardy-Krause  in  (0,  l)  X  (0,  l)  and 


»)  u  r  oh.u  13  rF«fTT 
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g(u,  0+)  =  g(u,  0)  =  lim  g(u,  v)  =  0  ,  0  <  u  <  1  , 

v  -►  0 

g(0+,  v)  =  g(0,  v)  =  lim  g(u,  v)  =  0  ,  0  <  v  <  1  , 

u  -0 

gU.  1)  “  g(l,  0)  -  g(0,  1)  +  g(0,  0)  =  1  . 

As  a  result  of  this  theorem,  the  definition  of  regular  Hausdorff 

means  for  double  sequences  may  be  put  into  a  more  applicable  form. 

Theorem  3.2.U^  [28,  1933] 


The  Hausdorff  transform  (h^)  of  a  sequence  [s  )  may 
be  defined  by 


(f2}  hmn 


m.n 


k,i=0 


'm 


1  1 


k  Vi  °ki 


If  uk(1 ' u) 


m-k 


0  0 


Proof 


i  /  1  \n “i  J 

v(l-v)  d  d  g  ( u  ,  v ) 

u  v 


Let  s^  =  x^  y^  .  Then 


m,n 

h  =)  (-1) 

mn  /  .  ' 


k+i 


k,i=0 


/v  k ,  i 

0  V  %  <-» 

r  ,s=0 


r+s 


0  0 


r  s 
x  y 


(3)  Ustina,  F.,  Gibbs  phenomenon  and  Lebesque  constants  for  the 

Hausdorff  means  of  double  series.  Univ.  of  Alberta  thesis  (1966). 
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m,n 

■  I  <-*> 

k,^=0 


m.n 


(-1) 

k,i=0 

1  1  m,n 

.  r  r  S' 

j  j  L 

0  0  k,4=0 


(-D 


k+i 


k  ](  i  J (u  “  ux)k  (v  -  vy)J  du  dv  g(u,  v) 


1  1 

f  f (1  -  u  +  ux)ra  (1 

1 J  t  J 
0  0 


-  v  +  vy)n  du  dv  g(u,  v) 


(1  - 


vm-k  k  k  /.  xn-i  i  i  .  ,  ,  » 

u)  u  x  (1-v)  v  y  du  dv  g(u,  v) 


Hence 


mn 


1  1 


ki 


k,/=0 


F  J'  ~  u)m  k  v*(l  ~  v)n  ^  du  dv  g(u,  v) 


0  0 


and  theorem  3*2.4  is  proved. 


The  reader  is  referred  to  the  work  of  Bendukidze  [4,  1952]  for 
information  on  Hausdorff  strong  summability  and  restrictedly  strong 


summability 


n.m 

(v  ,u)a  vb  Jb  {xv  -  v)  f(xu  -  )  ^  ^  V  ,) 

0*1,4 


(v  ,o)s  vb  ub  *(xv  -  v) 


)L4Jf 


/I,  J  i" 

0-)  '<  1  v 
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X  1  !-«/ 

(v  -  i)  x  a 


.b3V  q  el  4,S«£  Sl^TOdrfX  b/T» 
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Remark  5*2,4 


The  regular  Hausdorff  method  is  a  generalization  of  the 
Ces'&ro  (C,  a,  3)  means,  the  Euler  (E,  p,  q)  means  and  the  H<5lder 
(H,  a,  3)  means. 


The  Cesaro 


(C,  a,  3)  means  are  obtained  by  taking 


u 

mn 


-1 


for  the  elements  of  the  transformation  matrix  (u^)  »  or  by  taking 

g(u,  v)  =  [1  -  (1  -  u)a]  [1  -  (1  -  v)*3] 
for  the  generating  function  of  the  constants  u^  • 


The  Euler  (E,  p,  q)  means  are  obtained  by  letting  the  generating 


function 


g(u,  v)  =< 


for  P  <  u  <  1  and  q  <  v  <  1 
otherwise. 


Lastly,  we  have  the  Holder  (H,  a,  3)  means  by  taking 


g(u,  V)  =  [r(a)  dp)}'1  (jldog  i)0-'1  dx 


/(los  y)P 


-1 


dy, 


For  the  sake  of  completeness,  we  shall  describe  each  of  the  three 


special  cases  separately. 
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3*2.7  Cesaro  (C,  g.  b)  means  for  double  series  [55»  1955 3 >  [ 11  >  19^7L 


We  give  here  the  Cesaro  means  of  distinct  order,  i.e. 
a  ^  3  •  Let  a  double  sequence  {s^)  be  formed  from  the  double  series 


00 

l 

i,j=0 


u^j  with 


m.n 


s 


u. 


ran  ij 

i,j=0 


Define 


m,n 

.(a, 3)  _  V  Aa-1  a3-1 
m,n  "  ra-i  n-j 


s 


ij 


i.J-0 


where  a,  3  ere  real  numbers  greater  than  -1  ,  and 


e  ■  (T)  • 


Then  the  Ceslro  matrix  Ca>  ^  may  be  defined  by 


m,n 


(g) 


ca»(3  *  ava,P//  A*  AP  my 

m,n  m,n  '  m  n  mn 


(o«»  3)  /  A  O'  A  3 


Definition  ^.2.2 


00 


The  series  I  M  is  said  to  be  (C,  a,  p)-suramable  if  the 

1,J*0 

sequence  fy  )  of  (g)  is  convergent  to  some  value  s  , 


The  Cesaro  (C,  a,  3)  means  are  regular  for  a,  3  >  0 


,n]  .[e??x  ,5?] 
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The  special  case  of  the  method  (C,  a,  3)  in  which 
a  =  3  =  1  is  very  widely  used.  We  give,  as  an  example,  the  following 
theorem.  For  an  example  of  the  application  of  the  (C,  1,  l)  method 
to  double  orthogonal  series,  the  reader  is  referred  to  Fedulov  [25,  1955]. 


Theorem  5.2.5 


Let  y  u^  be  a  double  series  convergent  to  s  and  having 


m.n 


partial  sums  s 


mn 


i,j»0 


u^j  such  that 


(i)  for  each  n  ,  s ^^/m  -►  0  as  m  -»-oo  ,  and 

(ii)  for  each  ra  ,  s mD/n  -*■  0  as  n  -►oo  , 

Then  the  series  is  (C^,  1,  l)-sumraable  to  s  . 

Finally,  using  the  corresponding  meaning  of  absolute  summability 
as  defined  by  definition  3*1*2  for  the  (C,  a,  3)  method,  we  obtain 

Theorem  3.2.6  [57,  1950] 

If  a,  3  >  -1  and  h,  k  >  0  ,  then  each  series 

summable  | (C,  a,  3) |  is  also  summable  |(C,  a  +  h,  3  +  k)|  . 

We  give  here  a  brief  account  of  the  relation  between  Cesaro's 


method  and  the  method  of  Abel. 


- 
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Definition  5.2.  ^ 


A  double  series 


I 


u.  .  with  partial  sums  s  is  said 
ij  r  inn 


to  be  (C,  1,  l)-summable  to  L  if 


°mn  "  (m  +  ^  ( 


m,n 

n  +  D'1  l 


L  as  m,  n  -v oo  » 


i,j=0 


Definition 


A  double  series 


E  - 


.  ,  with  partial  sums  s  is  said  to 
ij  mn 


(4) 


be  summable  to  L  by  the  Euler -Abel  power  series  method'  /  if 


00 


f(x,  y)  =  s^  y^  -►  L  as  x,  y  -+■  1 


i.j-0 


Ogieveckil  ,  [111,  19^7 It  established  the  following  result 


Theorem  5.2.7 


If 


y  is  summable  (C,  1,  l)  to  L  and  if  the  partial 


sums  are  such  that 


lim  Is  |/m  <  eo 

1  mn1'  9 


m  —►  oo 


lim  |  s  |/n  <  oo 

1  mn ’ 


n  -*-oo 


(h)  Hille,  E., 


Analytic  function  theory,  Ginn  and  Company,  (1959)»  P»  120. 
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for  each  n  and  m  ,  respectively,  then,  for  each  A  >  1  , 
f(x,  y)  -*L  as  x,  y  -♦  1  over  0  <  x  <  1  and  0  <  y  <  1 

subject  to  the  restriction  A’1  <  (l  -  x)/(l  -  y)  <  A  . 

For  a  more  extensive  treatment  of  this  subject,  the  reader  is 
referred  to  Celidze  [10,  1947  ]  and  Cesari  [1942], 

For  the  relation  between  the  Cesdro  (C,  a,  3)  means  and 
Abel  (A,  A  ,  an)  means,  Zak  and  Timan  [59»  1951]  showed  that  a  series 

absolutely  (C,  a,  3)-summable,  (a  >  -1,  3  >  -l)  ,  is  also  absolutely 
summable  by  the  Abel  means.  And  later  on,  Ogieveckil  [1+2,  1953 3 » 

[1+3,  1954]  and  [1+4,  1958]  proved  that  a  (C,  a,  3) -bounded  and 
restrictedly  (C,  a,  3)-summable  series  is  also  restrictedly  (A,  A  ,  a  )- 

summable, 

3,2,8  The  Euler  (E,  p,  q)  method 

Zmfl  n+1 

Umn  X  y  converges  to 

f (x,  y)  for  small  x  and  y  ,  that  p,  q  >  0  and  that 

x  _  -  ^  ,  v  -  1  +  pX  » 

y  51  1  '«  qw  *  W  “  r+'qy  * 

so  that  v  «  (1  +  p)’1  and  w  «  (1  +  q)'1  when  x  *  1  and  y  =  1 
respectively.  Then  for  small  x,  V,  y  and  w, 
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00 


«->-z  (^rw 

m,n=0  ' 


00  00 

1  I  I 

m,n=0  k=m,i=n 


\  k-m  k+l/^  \  i- n  i+1 

m  P  V  UJO  W 


■  t  r  ex: 


k-m  i-n 
p  q  u 


mn 


k,i=0 


m,n=0 


00 


=  y.  u(pq)  {<p + 


k,i=0 


k+1 


r  ii+1 

|(q  +  l)w| 


where 


k.i 


u£p^  =  (p  +  l)-1"1  (q  +  l)-*-1  £ 

m,n=0 


k\/i  ,  ,  . 

k-m  i-n 

„  ,  p  q  u 

m/\n  /  r  mn 


00 


00 


If 


then  we  say  that 


u 

mn 


is 


k, i=0  m,n=0 

summable  (E,  p,  q)  to  L  .  The  Euler  (E,  p,  q)  method  is  regular. 

The  reader  is  referred  to  [39>  1961]  and  [5 6,  19533  f°r  further 
information  concerning  Euler's  method  of  summation. 

3.2.9  Holder  (H,  a,  3)  means 


to  the  series 


Let  { s  } 
mn 
00 


l 


u 


ij 


i,j=0 


be  a  sequence  of  partial  sums  corresponding 

i  k 

We  define  the  Holder  means  H  *  of  order 


(i,  k)  through  the  recurrence  formula  ([28,  19331): 
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H0,°  =  s 


m,n 


mn 


H 


0,k  m,Q 


ra,n 


H0*^”1  +  H^’1  +  ...  +  H0^-1 


m,  1 


mtn 


n  +  1 


H 


Hn1,k  +  H^*1,k  +  •••  +  Hi'1,k 
i,k  0,n _ 1  ,n _ mtn 


m,n 


m  +  1 


The  arithmetic  means  correspond  to  the  relation 


^mn  n  +  1  ^mn  * 


and  these  yield  for  the  Holder  means  H 


0,k 


\in  ,  ,  xk  ^mn  * 

(n  +  1) 


and  in  general 


mn 


=  Hi,k  (s  ) 


mn ' 


is  synonymous  with 


mn 


(m  +  l)1  (n  +  l) 


^mn 


This  allows  a  definition  of  the  Holder  means  of  every  arbitrary  order 
(a,  3)  .  For  a  >  0  ,  we  have  the  following  integral  representation* 

u,  ■  ■  ' 


(m 
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+  i)a  r(0)  J 


m  (log^r1  d« 


u 


from  which  follows  the  regularity  of  the  Ha,°  means. 
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Ill 


The  Holder  means  satisfy  the  relation 

Ha>0  ^  r0,3  _  Ra, 3 

and  so  for  a,  3  >  0  ,  Ha,P  is  regular.  Since 


it  follows  that  the  method  is  stronger  with  increasing  a  or  3  . 

Losch  [31,  19^2]  establishes  a  formal  relation  between  the 
three  special  cases  of  the  regular  Hausdorff  summability  method  - 
Cesaro,  Holder  and  Euler -Knopp-  for  restrictedly  summable  sequences: 


Let  {A,  B)  denote  the  double  sequence  transformation 


mn 


m,n 
■  £ 


a  b  .  s . .  , 

mi  nj  ij 


i.J-0 


from  s..  to  o'  ,  determined  by  the  matrices  A  and  B  of  real 
1  j  mn 

or  complex  constants  a^  and  b^  .  We  have  the  following  theorems 


Theorem  ^.2.8 


If  A  is  one  of  the  matrices  C  ,  H  ,  E  of  Cesaro,  Holder 
a  a  a  a 

and  Euler,  respectively,  and  if  r  and  t  are  non-negative 

integers,  then  a  restrictedly  convergent  sequence  [s_)  is 

summable  A^}  if  and  only  if  it  is  restrictedly  bounded 

(Ar,  At)  . 
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Theorem  5*2,9 

If  the  sequence  {s^}  is  restrictedly  convergent  to  L 

and  restrictedly  bounded  {A^,  Afc)  ,  then  it  is  is  restrictedly 

summable  {A^,  At)  to  L  . 


Theorem  5 >2. 10 


restrictedly  summable  {C  ,  C  )  is  restrictedly  summable 
{H^,  Hfc}  if  and  only  if  it  is  restrictedly  bounded  [H^,  Ht)  ; 
and  if  { s ^ j  3  is  restrictedly  summable  {Cr,  C^.)  and 
{H^,  Ht)  to  and  respectively,  then  . 


J.2,10  Quasi-Hausdorff  means  for  double  series 


These  means  are  defined  by  the  transform 


00 


(j)  h 


mn 


(x,  y)  = 


(ism,  v=m 


ra+1 


(1  -  x) 


H-m 


yn+1  (1  -  y)V“n  dxdy  a(x,  y) 

The  transform  is  regular  if  and  only  if  a(x,  y)  is  of  bounded  variation 
in  the  sense  of  Hardy-Krause  in  (0,  l)  X  (0,  l)  and 
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a(x,  0+)  =  a(x,  0)  =  lim  a(x,  y)  =  0  0  <  x  <  1  ^ 

y  -+  0 

a(0+,  y)  =  a(0,  y)  =  lim  a(x,  y)  =  0  0  <  y  <  1 

x  -►  0 

a(  1,  1)  -  a(l,  0)  -  a(0,  l)  +  a(0,0  )  =  1  • 


3.2.11  Circle  (7,  r,  £)  means  for  double  series 


(5) 


Let  f s  }  be  the  sequence  of  partial  sums  of  the  double 


mn 


00 


series  ^  u^  .  The  circle  (7,  r,  i)  means  of  a  given  sequence 


i>j=0 

are  defined  by  the  transformation 
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s 


|iV 


p==m,  v=n 


The  transform  (k^)  is  regular  if  and  only  if  0  <  r  <  1  and  0  <  l  <  1 


Remark  3.2.5 

Whereas  the  Euler  (E,  p,  q)  means  are  obtained  from  the 
regular  Hausdorff  method  by  letting  g(u,  v)  of  (f^)  take  on  the 

value  defined  by  g(u,  v)  =  1  for  p  <  u  <  1  and  q  <  v  <  1  and 


(5)  This  method  is  a  generalization  of  the  circle  (7,  r)  means 

given  in  the  thesis  of  Ustina,  F.,  Gibbs  phenomenon  and  Lebesque 


constants . 
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g(u,  v)  s  0  otherwise;  the  circle  (7,  r,  i)  means  result  from 
substituting  the  value  g(u,  v)  defined  above  into  the  Quasi-Hausdorf f 
transform  (j)  to  replace  a(x,  y)  . 

3.2,12  The  Harmonic  means  for  double  series^) 


00 


I  uu  ’ 


For  the  sequence  {s^}  °f  partial  sums  of  the  series 


the  Harmonic  means  for  double  series  are  defined  by  the 


i,j=0 


transform 
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mn 
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JI,V*1 


The  method  defined  by  (i)  is  regular. 


3.2.13  The  Lambert  means  for  double  series  (L) 
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The  double  series 


l  -u 


is  said  to  be  summable 


i»j=0 


(L)  to  S  ,  or  that 


m,n 


s  — 
mn 


i,  j»0 


if 


This  method  is  a  generalization  of  the  Harmonic  means  given  in 
the  thesis  of  Ustina,  F.,  Gibbs  phenomenon  and  Lebesque  constants. 
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<■> 


1  -  e 


when  x  — ►  +  0  and  y  -►+  0 


3.2.1k  Lebesque 's  method 

A  double  series 

by  the  Lebesque  method  if 


Zu  is  said  to  be  summable  to  S 
mn 


lim  F(x,  y)  =  S 
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Tevzadze  [k9,  19551  shows  that  if 
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then  \  u  is  summable  to  S  by  the  Lebesque  method  if  and  only  if 
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Remark  5*2 .6 

Lebesque's  method  is  a  special  case  of  the  Riemann  (R,  k,  k) 
method  with  k  =  1  . 


3»2.15  Norlund  (N  ;  c)  means  for  double  series  [20,  1950]  and  [38,  195^] 


Given  a  doubly  infinite  set  of  complex  constants 


c.  .  (i,  J  *  0,  1,  2,  where  c _ jl  0  .  We  set 


ij 


00 


m.n 


Cmn  Cij  * 

i,j=0 


00 


For  any  double  series  u^  , 

i,j=0 


where  s 


mn 


m,n 

-  £ 


we  form 


j-0 


m,n 

f  c  ,  . 

Li  m-i,n-j 


s 


(0) 


^  j  ij 

N  _  _  l?j=0 _ 

mn  “  C  C 

mn  mn 


If  N  tends  to  a  limit  L  as  m 
mn 

00 


we  say  that  the  series 


Y  uij 


is  summable 


i»  j=0 


and  n  become  infinite, 
(N  ;  c)  to  the  value 


L  #  The  necessary  and  sufficient  condition  for  the  regularity  of  the 
(N  ;  c)  method  is  that 


lim 

m,n  — ►  00 


c 

mn 

C 

mn 


=  0 


In  the  case  when  c^  =  1  ,  1*  j  >  0  ,  becomes  ,  the  Cesaro 

transformation.  For  a  formal  relation  between  the  Norlund  and  Cesaro 


a.s.g  zissa*. 


N  4ji  .*)  nnamiS  ntl  2o  9e*o  is.  3«qa  »  •!  boriisu  a'supesdsJ 


ctl  «8f]  •»“  [<Wi  .02]  i. 


«j  i:  too  x o  :*g  \  yldircb  m  a~  i  > 

0  3  ©XSfflf  *2  I  «  '■  ■  f  •  i  ) 


a 


o-t«i 


t:»Jav  »dJ  03  (a  1  H)  sldEiBOTS  el 

>rlJ  fit  bojiJM  (o  ;  W) 


ot*s40  bos  bnuitoK  srf3  naowjsd  nol^sldi  iBanrci  ft  to'/ 
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methods  of  summation,  the  reader  is  referred  to  Chadaya  [21,  1951]* 


3.2.16  Riemann  (R,  k,  k)  means  for  double  series 


A  double  series 


)  u  is  summable  to  L  by  the  Riemann 

Lt  mn 


method  (R,  2,  2)  if 


where 


lim  f(x,  y)  =  L  , 
x,y  ->  0 

\  V  l sin  mxY  /sin  nyf 

f<x>  y)  =  L,  vr=rv  Irsrv  " 

m,n=0 


The  (R,  2,  2)  method  is  regular.  More  generally,  summability  (R,  k,  k)  , 
where  k  is  a  positive  integer,  is  defined  by 

M  <(*.  r)  -  £  V 

m,n=0 

and  the  double  series  is  said  to  be  summable  (R,  k,  k)  if  in  (p)  , 
we  have 


lim  f(x,  y)  =  L  . 
x,y  -►  0 


The  method  defined  by  (p)  is  regular  for  k  >  1  . 


For  the  conditions  for  which  a  given  series  is  restrictedly 
(R,  k,  k)- summable,  k  >  2  ,  the  reader  is  referred  to  [58,  1952]  and 

[2k,  1962]. 


■* 


ai.s.e 


aaliaa  aldnob  A 


(S  ,3  ,*)  borfJMi 


•  j  -  (t  <*)* 


hz*)  '=£*)  r*  ■<’-» 
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3*2.17  The  (R2)  means 


This  method  is  closely  related  to  the  Riemann  (R,  k,  k) 
means  but  not  equivalent  to  it.  The  (R2)  means  is  defined  by 


(q) 


”  ■  i  E0  (‘frXfr) 

m,n=u  / 


s 


mn 


where,  as  usual,  s 


mn 


m.n 


i,j=0 


u. ,  ,  and  the  coefficients  of  s  in 
ij  oo 


the  given  sum  is  defined  to  be  xy  .  The  (R2)  means  are  also  regular. 


3.2.18  Riesz  (R  ;  A,  p  ;  u,  r)  means  for  double  series  [33,  1928] 


00 


For  a  given  double  series  ^  u^j  ,  let  {A^}  and 


k,i=0 


(m  ]  be  two  sequences  of  real  numbers,  increasing  and  becoming  infinite, 
n 

with  A^  >  0  ,  >  0  5  let  p  and  r  be  any  real  numbers,  we  define 


CA,j  ^Sf  ^  =  X  X  ^  ^  ^  ^ki  * 


V 

9  ^  .  <  t 

? 

II 

b 

for  ^ 

A  <  0  <  A  , 

m  —  itn-1 

k,i=l 

LI  <  T  <  u  , 

^Kn  -  ^n+l 

Write 


' 


N. 


a'  ,«  .d,  to  ini  T°» 


•  u"  U*  *  *  V  *  0  ,r‘ 

*  r‘>  6  ^ 


u" 


(  ”  <T  •*'  “  T  ‘x\/p 
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Then  for  p  >  0  ,  r  >  0  ,  we  have 


s  t 


cv  (s>  t} 


=  pr  J  J  (cr,  T)  (s  -  <r)p*1(t  - 


t)1”  ^  dT  dff  . 


0  0 


For  p  s  0  ,  r  >  0  , 


cr,  (s-  0  -  r/  %(•.  t)  (t  -  r)1'1  dr  , 


and  for  r  =  0  ,  p  >  0  , 


s 


(s,  t)  =  p  f  C^(a,  t)  (s  -  o-)15"1  dcr  . 


00 


The 


series  ^  is  said  to  be  suramable  (R  s  A,  p  $  r)  to 

k,Z=l 


sum 


L  if 


(r) 


lim  s  ^  t  r  C?r  (s,  t)  =  L  . 


S  j  t  — ►  oo 


The  Riesz  (R  :  A,  p  j  fi,  r)  means  are  regular  for  p  >  0  ,  r  >  0 


Suppose  the  Cesaro  transform  of  order  (p,  r)  for  the  sequence 
i, 


[Sjj)  with  stj  = 


u  ^  is  defined  to  be 
st 


s,  t=0 


r(p»r  ) 
m,n 


m+p-i  i  -  r  -  j 


i,j=0 


ij  • 


Let  us  put 


m„  n 


m  +  p\/n  +  r 

m  A  n 


v;  r  .  C  ,  j  <  :o :  srfT 


#6  Tb  ’  (T  -  *)  (x>  -  •)  (t  ,t>)  .r  *q  »  (i  t«)  ' 


.  . 


rb '  (T ' 3)  (t  •  ' 


0  <  q  ,  0  -  * 

'  •  :  ■:  rxa  .  i\ 


J  -  (j  .«)  r%  '-3  «H  (,) 


11  J 


W  «-  J,E 

9903upaa  sdJ  :>1  ( j  f..s  'TttiTo  lo  I  xolrffp.U  >rl  9s©q<to* 
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By  formula  (g) 


of 


§3*2. 7»  we  say  that  the  series 


00 


s ,  t =0 


is  summable  (C,  p,  r)  to  the  limit 


lim 

m,  n  —►oo 


>>rVpr 

m,n  '  mn 


L 


If  this  limit  exists.  Merriman  proved  the  following  result. 
Theorem  3.2.11  [35,  1927 ] 


The  limit  (g')  and  the  limit  (r)  exist  at  the  same  time 
and  are  equal  provided  that  the  rows  and  columns  of 
00 

u  are  summable  as  single  series  in  either  Ces&ro 

S  L 

s,  t=0 

or  the  Rieszian  manners,  indices  r  and  p  . 


We  now  state  the  results  of  Riesz  summability  of  the  Dirichlet 
product  and  Cauchy  product  series  of  Riesz  summable  series.  Since  the 
Cauchy  product  is  a  special  case  of  the  Dirichlet  product,  we  need  only 
to  concern  ourselves  with  the  results  for  the  Dirichlet  product,  the 
same  results  being  valid  also  for  the  Cauchy  product. 


For 


*&:<•.  *>  ■  l 


A'  <  s 
m 


„ti  _t»  ^  1 

ba,v^s>  ^  = 


A"  <  s 
k 


* 


9 


29l7sa  ad3  3ad3  T**  av  «T.S,££  *o  g)  aXuarxo* 

0-J,« 


31*1X  ad3  03  (i  ,q  ,Q)  •IdAnsBft 


t^J  .??]  H.S.f  a.ToarfX 


1U<  i  Bdj  Stm  (*a)  3*ra  X  sdT 


io  anmwloo  bn*  evov  ad3  3*d3  b&blvoiq  I  Bi/pa  »i*  bnfi 


o 


'•  '  i-  x  ■ 

' 

.  q  bn*  ,  t  i osib/il  ,«ttanna..  nali^aiJH  »d3  *o 


»i  lo  v  >J  ia  re  £'  n  .o  cilo*^  .  -3  «*  :•  a*  . 


a  .uaiiae  »Jdi  v  ^a  s  •  ?o  *£tx*a  3a  boiq  yd:  rad  bna  daaboiq 


X-  io  bi  ®r.  f-w  ,3au  >oiq  3oJd:  txLQ  -  3  jo  ©a*.;*  Julaaqa  &  el  33L.bo.iq  yHanaD 
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and 


cv  (s>  '>  ■  I  I  <•  -  Vp  ctJ  . 

\  < 7  8  Hj  <  t 


we  have 


Theorem  5.2.12  [35,  1927] 


I 


If  )  a  is  summable  (R  :  V,  p'  ;  r')  to  A  ,  and 


if 


I 


mn 


bmn  is  smranable  (R  *  *"»  p"  5  |i",  r")  to  B  ,  where 


P*»  r',  p”  and  r"  are  greater  than  1  ,  and  if 


o'  r'  .p'r’/  *  .  p"  r"  np"r" 

a  r  A^,  ,(s,  t)  and  cr  r  nF 


B^i,  »»(s,  t)  are  bounded) 

p 


then  the  Dirichlet  product  series,  )  c  ,  is  summable 

Li  mn 

(R  :  A,  p  ;  (i,  r)  to  sum  C  ,  where  p  =  p'  +  p"  +  1  , 

r  =  r'  +  r"  +  1  ,  and  AB  =  C  ,  and  C?r(s,  t)  is  bounded, 

A|i 


3.2.19 


ft 

The  (S  ,  a)  and  S. 

v  ' 1-r ,  1-j 


means  for  double  series 


ft  /  fj  \ 

The  (S  ,  a)  means,  first  introduced  by  Ramanujan' ' '  , 
generalized  for  double  series,  are  a  form  of  the  quasi-Hausdorff 
transformations  for  double  series.  This  method  is  defined  by  the  transform 


(7)  Ramanujan,  M.S.,  On  Hausdorff  and  Quasi-Hausdorff  methods  of 

summability.  Quart.  J.  Math.  8(1957)>  197_213» 


3>  tM  * >  lx 
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(2  ,a)  baa  ,  3  *  8A  boa  ,  I  +  ?  +  1  »  * 


litobavaB  i*a:;p  a  5©  am  i  a  oia  teaXxaa  afctoob  xoi  baslX^Tanes 
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(1  -  x)^  yn+1  (1  -  y)V  dx  dy  a(x,  y)  , 


where  the  weight  function  a(x,  y)  is  of  bounded  variation  in  the 
sense  of  Hardy-Krause  in  (0,  l)  X  (0,  l)  .  The  transformation  defined 
by  (s^)  *s  regular  if  and  only  if  the  following  two  conditions  are 

satisfied. 


U) 


c 


< 


\ 


a(x,  0+)  =  a(x,  0)  =  lim  (x,  y)  =  0 

y  -*  0 

a(0+,  y)  =  a(0,  y)  =  lim  (x,  y)  =  0 

x  — ►  0 

a(l,  l)  -  a(l,  0)  -  a(0,  l)  +  a(0,  0) 


1 


and 


<x(l,  1)  =  a(l",  l") 


(ii)s  a( 1, 


0)  =  a(l  ,  0) 


a(0,  l)=a(0,  l) 


The 


/  * 
(S  , 


a)  means  reduce  to 


S„  „  .  means  defined  by  the 
l-r,l-i 


transform 


V(x>  y)  "  rWl  in+1  I  V(*’ 

|i,v=0 


y)  (1  -  v)M(l  -  l)V 


when  a(x,  y)  =  1  for  r  <  x  <  1  ,  i  <  y  <  1  and  a(x,  y)  =  0  otherwise. 
The  transform  (s^)  is  regular  if  and  only  if  0  <  r  <  1  and  0  <  i  <  1  . 


I+ffll 


0-V#44 


. 


•  (x  ,*)*>  x>>  af>  (t  -  x)  {  M(*  -  x) 


btoi*a*  aol3nn<A*an*  *rfT 


arrows 
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CHAPTER  IV 

TOPICS  IN  DOUBLE  SEQUENCES  AND  SERIES 

We  shall  conclude  our  survey  of  the  subject  "Double  Sequences 
and  Series  with  results  on  the  following  five  topics  in  double  series: 

1.  Tauber ian  theorems  for  double  series 

2.  Convergence  factors 

3.  Summability  factors 

4.  Multiplication  of  double  series 

5.  Results  related  to  double  sequences  and  series. 

Due  to  the  fact  that  many  of  the  papers  on  these  topics  are 
not  available  to  the  author  and  that  a  detail  study  of  any  of  these 
topics  will  make  the  thesis  too  lengthy,  we  give  only  the  references 
following  a  brief  remark  on  each  topic. 

1.  Tauberian  Theorems  for  Double  Series 

We  have,  in  Chapters  II  and  III,  considered  systematically 
the  various  types  of  the  so-called  "Abelian”  theorems,  i.e.  theorems 
asserting  the  regularity  of  a  method  of  summation.  It  is  our  aim,  in 
this  section,  to  concern  ourselves  with  what  Hardy  called  the  "corrected 
forms  of  the  false  converses  of  Abelian  theorems" In  general,  these 
theorems  assert  that  if  a  series  is  summable  (P)  ,  and  satisfies  some 


(1)  Hardy,  G.H., 


Divergent  series,  Oxford  Press,  (19^9)»  P»  1^9* 
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further  conditions  K ^  (which  will  vary  with  a  method  P  ,  but  will 

in  any  case  imply  a  certain  slowness  of  possible  divergence),  then  it 
is  convergent.  Such  theorems  are  called  'Tauberian'  after  A.  Tauber  who 
first  proved  one  of  the  simplest  of  them;  and  the  supplementary  condition 
is  called  a  'Tauberian  condition' 


We  give  here  a  typical  example  of  a  Tauberian  theorem  in  double 
series  which  is  established  by  K.  Knopp  [9,  1939], 

Theorem  4.1.1 


Let 


s 


mn 


m.n 


i>  j-1 


m.n 


u 


ij 


s 


mn  mn  /  ,  ii 
i,  j=l 


(m,  n  =  1,  2,  . ..),  denote  the  sequence  of  partial  sums 
and  the  (C^  ^-transform  of  a  real  double  series 


2  2 

u  .  If  (T  -*■  s  and  (m  +  n  )  u  <  K  ,  then 
mn  mn  *  mn 


s  -►  s  . 
mn 


In  1940,  H.  D.  Kloosterman  [8,  1940]  proved  Tauberian  theorems 
in  double  series  for  Cesaro-sumraability  of  any  order.  In  that  same  year, 
R.  P.  Agnew  [1,  1940]  asserted  that  the  conditions  of  the  above  theorem 
cannot  be  weaker.  V.  H.  Duranonay  [6,  1940]  establishes  results  for 
bounded  convergence  from  bounded  summability  and  a  Tauberian  condition 


(2)  Hardy,  G.H.,  Divergent  series,  Oxford  Press,  ( 1949) *  P*  121  and 
p.  149. 
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parallel  to  the  results  of  Knopp  who  deduces  convergence  from  summability 
and  a  Tauber ian  condition. 

Tauber ian  theorems  in  some  particular  double  series  are  given 
by  H.  Delange  [4,  I9V7]  and  [5*  19^83 •  The  reader  is  referred  to  the 
following  references  for  Tauberian  theorems  for  the  various  methods 
of  summation; 

A.  Euler  methods 

Berekasvili,  V.A.,  On  Euler  methods  of  summation 
of  double  series.  Soobsc.Akad.  Nauk  Gruzin* S SR  16  (1955)>  337"3**2 
(Russian) . 

B.  Abel  and  CesSro  methods 

Ogieveckil,  I.E.,  Some  Tauberian  theorems  for 
double  series.  Dokl.  Akad.  Nauk  SSSR  (N.S.)  110(1956),  330"333  (Russian). 

C.  Cesaro  methods 

Celidze,  V.G.,  Tauberian  theorems  for  multiple 
series , (Russian. Georgian  summary).  Tbiliss.Gos.  Univ.  Trudy  Ser.  Meh.- 
Mat.  Nauk  84  (1962),  77”92. 

D.  A,  7)  and  (H^a\  A,  y)  methods 

Slepencuk,  K.M.,  Tauberian  theorems  for  certain 
methods  of  summation  of  double  ser ies ®( Russ ian)  Izv.  Vyss.  Vcebn.  Zaved. 
Matematika  1964,  no.  6(43)>  153” 158. 


f*i»»  i  oil  90v<987»vn09  l b  *  Jv  .  r/  tX  lo  •UluacT  »rfj  o5  IsIIaasq 


»  5  o 


05  si  idbadi  *rfT 


-*3  '  '1  C.i-  1  V  f  :.V  3 


126 


E.  (H^a^ .  A)  methods 


Slepencuk,  K.M.,  A  theorem  of  Tauberian  type  for 


(a) 

(H  ,  A)  methods  of  summation  of  double  series.  (Ukrainian*  Russian 
and  English  summaries),  Dopovidi  Akad.  Nauk  Ukrain.  RSR,  (1964),  312-314, 


2.  Convergence  Factors 

As  is  pointed  out  by  C.  N.  Moore^^;  "all  methods  for  summing 
a  divergent  series  which  have  come  into  general  use  may  be  classified 
as  mean-value  methods  or  convergence  factors  methods.  Corresponding  to 
any  method  of  either  type  there  can  be  constructed  a  formally  equivalent 
method  of  the  other  type.  The  range  of  validity  of  the  corresponding 
methods  is  in  general  approximately  the  same  ..." 


In  view  of  the  above  remark  and  the  fact  that  the  various 
mean -value  methods  of  summation  have  been  considered  rather  extensively 
in  Chapter  III,  we  shall  not  discuss  the  results  of  this  method  in  detail. 

Convergence  factors  may  be  classified  into  two  types.  The 
set  of  convergence  factors  that  preserve  convergence  for  a  convergent 
series  or  produce  convergence  for  a  suramable  series  when  introduced  into 
the  terms  of  such  a  series  is  said  to  be  of  type  I,  and  the  set  of 
convergence  factors  used  in  defining  the  sum  of  a  series  is  said  to 
be  of  type  II.  Convergence  factors  of  type  II  have  all  the  properties 


Moore,  C.N.,  Summable  series  and  convergence  factors,  A.M.S. 
Colloquium  Publ.  22(1938)  P*  iii. 
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of  type  I  and  some  additional  ones.  For  a  detail  study  of  the  application 
of  the  two  types  of  convergence  factors  to  convergent  and  summable 
series ,  the  reader  is  referred  to  [15,  I93 8], 

We  shall  state,  as  an  example,  a  theorem  for  convergence 
factors  of  type  I. 


Let 


00 


(4.2.1) 


be  a  double  series  and  let 


(4.2.2) 


ftj(a)  ,  i,  J  =  0,  1,  2 


be  a  doubly  infinite  set  of  functions  defined  on  a  set  of  points, 

E(a)  ,  in  a  space  of  any  number  of  dimensions,  with  co-ordinates  real 
or  complex.  Form  the  generalized  series 


00 


(i*. 2.3) 


i,j=o 


Definition  4.2.1 


of  type  I  if  the  series 


is  convergent  whenever  the 


series 


is  convergent 


.['  SI  C*  1  l»b*»T  ®rf3  «•»**'»• 
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Suppose  the  partial  sums 


m,n 


(4.2.4) 


u. 


mn  /  ij 
i,  j=0 


of  the  double  series  (4.2.1)  is  bounded,  i.e. 


(4.2.5) 


s  <  C  for  some  constant  C  . 
mn  1 


Let 

(4.2.6) 


a  Ja)  = 

pq  ' 


i,j=0 


Uij  fij(a) 


be  the  generalized  partial  sums  and  let 


Aio  fij  =  £ij  *  fi+l,j  ’ 

^01  fij  =  fij  '  £l,j+l  > 

A11  f ij  =  Aic/A01  £ij^  =  A01^A10  £ij  ^ 

=  £ij  '  £i+l,j  ‘  £i,j+l  +  £i+l,j+l  ’ 

whence  we  have 


Theorem  4.2.1 

A  necessary  and  sufficient  condition  that  the  series  (4.2.3) 
converge  in  E(a)  »  and  that  for  each  a  ,  its  partial  sums 

<j  (a)  remain  bounded  for  all  (p,  q)  ,  whenever  the  series 

pq 

(4.2.1)  is  convergent  and  satisfies  (4.2.5)  are  that  the 
functions  (4.2.2)  satisfy 
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K(a)  a  positive  function 
of  a  €  E(a) 


00 

X  iAn  fu(a)i  <  K(a>  ’ 

i,j=0 

(ii)  lim  fin(a)  =  0  ,  a  €  E(a)  j  for  all  i  , 

n  -♦■oo 

(iii)  lim  A  f  .(a)  =  0  ,  a  €  E(a)  ;  for  all  j  . 

m  — ►  oo  J 

Theorems  for  the  application  of  convergence  factors  of  type  I  and  type  II 
to  restrictedly  and  regularly  convergent  series  as  well  as  Norlund 
summable  series  have  been  formulated  by  Moore.  For  a  detailed  study  of 
these  theorems  and  other  results  related  to  convergence  factors,  the 
reader  is  referred  to  [7,  1933],  [10,  1912],  [11,  1913]*  [12,  1927], 

[13,  193^].  [H+.  1936]  and  [15,  1938]. 

3.  Summability  Factors 

The  term  summability  factors  has  an  analogous  meaning  to 
that  of  convergence  factors  as  do  its  applications.  Up  to  the  present 
date,  there  has  not  been  much  work  done  on  this  topic.  The  known 
literature  written  on  it  is  dated  I957  by  G.  Kangro.  Other  authors 
are  S.  N.  Maheshwari  and  S.  Baron.  We  list,  in  chronologic  order,  all 

the  references  available. 

i.  Kangro,  G.,  On  summability  factors  for  double  series. 

Uc„  Zap.  Tartu.  Gos.  Univ.  U6( 1957 ) »  3"^2  (Russian. 

Estonian  summary). 
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ii.  Kangro,  G. ,  and  Baron,  S.,  Summability  factors  for 
double  series  summable  by  Cesaro's  method.  Dokl. 

Akad.  Nauk,  SSSR  124(1959),  751-753  (Russian). 

iii.  Kangro,  G. ,  and  Baron,  S.,  Summability  factors  for 
Cesaro-summable  and  CesAro-bounded  double  series. 

Tartu  Riikl.  Ul.  Toimetised  73(1959),  3-49  (Russian). 

iv.  Baron,  S.,  Summability  factors  for  double  series  which 
are  summable  or  bounded  by  CesAro  methods  of  real  order. 
(Russian.  Estonian  and  German  summaries),  Tartu  Rukl.  Ul. 
Toimetised  102(1961),  91-117. 

v.  Baron,  S.,  Summability  factors  and  summability  for 
double  series  which  are  absolutely  Cesaro-summable. 
(Russian.  Estonian  and  German  summaries)  Tartu  Riikl. 

Ul.  Toimetised  102(1961),  118-134. 

vi.  Baron,  S.,  Absolute  summability  factors  for  Cesaro- 
summable  and  Ces^ro-bounded  double  series.  (Russian. 
Estonian  and  German  summaries)  Tartu  Riikl.  Ul.  Toimetised 

.  102(1961),  135-155. 

vii.  Maheshwari,  S.  N.,  On  the  absolute  summability  factors 
of  double  infinite  series.  Boll.  Un.  Mat.  Ital.  (3) 


16(1961),  367-578. 
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viii.  Kangro,  G.  and  Baron,  S.,  Factors  of  summability  and 
absolute  summability  for  double  series  which  are  absolutely 
summable  by  weighted  means  of  Riesz.  (Russian.  Estonian 
and  German  summaries).  Tartu  Rukl.  Ul.  Toimetised  129 
(1962),  155-169. 

ix.  Baron,  S.,  Summability  factors  for  double  series  which 
are  summable  or  bounded  by  the  weighted  means  method  of 
Riesz.  (Russian,  Estonian  and  English  summaries). 

Tartu  Rukl.  Ul.  Toimetised  129(1962),  225-240. 


4.  Multiplication  of  Double  Series 


The  convergence  of  the  Dirichlet  product  and  Cauchy  product 
of  double  series  was  treated  in  Chapter  I.  In  Chapter  III,  we  stated 
the  conditions  for  the  Rieszian  summability  of  the  Dirichlet  product  of 
Rieszian  summable  series.  We  give  presently  the  conditions  for  the 
restricted  Cesaro  (C,  1  ,l)- summability  of  the  Cauchy  product  series  of 
double  series  and  for  the  Abel  power  series  method  of  summability  for 
such  series.  Following  these  results,  a  list  of  the  literature  written 
on  multiplication  of  double  series  is  given  for  reference. 


Let  the  series 


)  c  be  the  Cauchy  product  of  two  given 
Li  Tan 


series 


a 


and 


b  where 

pq 


a  b 

ij  pq 


i+p=m  j+q=n 
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Then  we 

Theorem 


Theorem 


have 


^•*>•1  [3.  19U3] 


if 


and 


I  aij  and  ^  kpq  converge  to  A  and  B  respectively. 


lim  a  =  0  ,  lim  b  =  0  , 

.  .  ij  *  pq 

i+  j  — ►  00  J  p+q  — ►  00 

then  c^  is  restrictedly  summable  (C,  l,l)  to  C  =  AB, 


b.h.2 


If 


I 


ij 


and 


I 


pq 


converge  restrictedly  to  A  and  B 


respectively,  and  if  there  exist  constants  P  ,  Q  ,  R  ,  cr( <1 ) 

and  r(<l)  such  that  the  partial  sums 

m,n 

A  =  )  a .  .  and 

mn  ij 

i » j=i  p»q=i 

satisfy  the  condition  that 


Amn  *  Bmn  <  P  +  Q[(mf' l)/(n+l)  I*7  +  ROjn+l/CnH-l)  Y 


then 


Zc  is  restrictedly  summable  (C,  1,  l)  to 
mn 


C  =  AB  . 


(W  tCi  iji' d  J  L 
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Remark  lt.k-1 

Celidze  [2,  1953]  obtains  the  result  of  Theorem  1+.U.2  by 
requiring  that  the  partial  sums  be  bounded  and  B ^^/m+n  — ►  0 

as  m,  n  — oo  . 

Theorem 

and  l  b^  converge  to  A  and  B  respectively, 

and  have  partial  sums  A  and  B  for  which 

mn  mn 

lira  A mn/Wn  =  0  ,  lim  B  n/Wn  =  0  , 

m+n  — ►  oo  m+n  — ►  oo  mn 

then  c^  is  restrictedly  summable  to  C  =  AB  by  the 

Abel  power  series  method. 

i.  Cesari,  L. ,  On  multiplication  of  double  series.  Atti 
Accad.  Naz.  Lincei.  Rend.  Cl.  Sci.  Fis.  Mat.  Nat. 

(8)  1(19^6),  289-292. 

ii.  Kull’,  I.  G. ,  Multiplication  of  summable  double  series. 

Tartu  Rukl.  Ul.  Toimetised  62(1958),  3“59» 

iii.  Kull',  I.  G. ,  Multiplication  of  double  series  by  Dirichlet's 
rule.  (Russian.  Estonian  and  English  summaries)  Tartu 
Rukl.  Ul.  Toimetised  102(1961),  185-192. 
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iv.  Reiners,  E.,  Mean  value  theorems  and  multiplication  of 
double  summable  series.  Tartu  Riikl.  Ul.  Toimetised 

T3( 1959) »  50-83  (Russian.  Estonian  and  English  summaries). 

v.  Tretyakov,  V.  P.,  On  the  theory  of  formal  multiplication 
of  double  series.  (Russian),  Izv.  Vyss.  Ucebn.  Zaved. 
Matematika  I96I  no.  5(24),  78-85. 

vi.  Tretyakov,  V.  P.,  Multiplication  of  double  series  in 
the  case  when  the  partial  sums  of  one  of  the  series 
are  unbounded.  (Russian),  Izv.  Vyss.  Ucebn.  Zaved. 

Mat.  1964,  1(38) ,  122-124. 

5.  Results  Related  to  Double  Sequences  and  Series 

We  list,  as  our  last  section,  the  references  of  all  the 
articles  which  are  directly  concerned  with  double  sequences  and  series 
and  have  not  been  included  in  the  previous  chapters  in  order  to  main¬ 
tain  the  coherence  of  each  chapter. 

A,  Saalschutzjan  theorems  for  basic  double  series 

Al-Salam,  W.  A.,  Saalschutzian  theorems  for 
basic  double  series,  J,  London  Math,  Soc.  4o(l965)>  455-458. 

B,  Representation  of  measurable  functions 

Dzagnidze,  0.  P.,  Representation  of  measurable 
functions  of  two  variables  by  double  series .(Russian,  Georgian  summary) 
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Soobsc.  Akad.  Nauk  Gruzin. SSR  34(1964),  277-282. 

C.  On  universal  double  series 

Dzagnidze,  0.  P.,  On  universal  double  series* 
(Russian.  Georgian  summary)  Soobsc.  Akad.  Nauk  Gruzin.  SSR  34(1964), 
525-528. 


D.  Ordinary  and  iterated  limits 

Garcia*  P.  J.,  Relation  between  the  ordinary  and 
iterated  limits  of  doubly  infinite  sequences.  Gaceta  Mat.  (l)  5 
(1953).  8-10.  (Spanish). 

E.  Evaluation  of  double  sums  and  integrals 

Pospeev,  V.  E.,  On  the  evaluation  of  double  sums 
and  integrals,  (Russian.  Uzbek  summary)  Izv.  Akad.  Nauk.  Uzssr  Ser. 

Fiz.  -  Mat.  Nauk  1963,  no.  4,  39-^5. 

F.  Mean  value  theorem  for  double  series 

Retmers,  E,  G,,  Mean  value  theorems  for  double 
series,  Tartu  RUkl,  Ul.  Tolmetised  62(1958),  60-79.  (Russian.  Estonian 
and  English  summaries). 
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